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SUMMARY

The Rotorcraft Dynamics Division, Aeroflightdynamics Directorate, U.S. Army Avia-
tion Research and Technology Activity (AVSCOM) has developed the General Rotorcraft
Aeromechanical Stability Program (GRASP) to calculate aeroelastic stability for rotorcraft
in hovering flight, vertical flight, and ground contact conditions. In this report, GRASP is
described in terms of its capabilities and the philosophy behind its modeling. The equa-
tions of motion that govern the physical systemn are described, as well as the analytical
approximations used to derive the equations. These equations include the kinematical
equation, the element equations, and the constraint equations. In addition, the solution
procedures used by GRASP are described.

GRASP is capable of treating the nonlinear static and linearized dynamic behavior
of structures represented by arbitrary collections of rigid-body and beam elements. These
elements may be connected in an arbitrary fashion, and are permitted to have large rel-
ative motions. The main limitation of this analysis is that periodic coefficient effects are
not treated, restricting rotorcraft flight conditions to hover, axial flight, and ground con-
tact. Instead of following the methods employed in other rotorcraft programs, GRASP is
designed to be a hybrid of the finite-element method and the multibody methods used in
spacecraft analyses. GRASP differs from traditional finite-element programs by allowing
multiple levels of substructures in which the substructures can move and/or rotate relative
to others with no small-angle approximations. This capability facilitates the modeling of
rotorcraft structures, including the rotating/nonrotating interface and the details of the
blade/root kinematics for various rotor types. GRASP differs from traditional multibody
programs by considering aeroelastic effects, including inflow dynamics (simple unsteady
aerodynamics) and nonlinear aerodynamic coeflicients.



1. INTRODUCTION

Previous helicopter aeroelastic stability programs have suffered from significant re-
strictions. The General Rotorcraft Aeromechanical Stability Program has been developed
using a modern approach which overcomes these limitations.

1.1. Background

In early efforts made to calculate the aeroelastic stability of hingeless helicopter ro-
tor blades, it was common practice to make use of simple physical models (e.g., spring-
restrained, centrally-hinged, rigid blades (ref. 1)). Later work treated configurations that
were somewhat more complex, and included models of elastic blades (ref. 2), body degrees
of freedom, and inflow dynamics (ref. 3). These simple approaches to rotorcraft aeroelastic
stability calculations have been very valuable for gaining physical insight into many com-
plicated phenomena (e.g., coupled rotor-fuselage stability). They all are, however, based
on a single physical model, and therefore are of limited value when more realistic rotorcraft
configurations must be analyzed.

Because of the complex couplings inherent in a bent and twisted beam, the calculation
of aeroelastic stability is particularly important in the analysis of rotor blades having
cantilever root boundary conditions (e.g., hingeless and bearingless rotors). In bearingless
rotors, the blade/root kinematics demand a great deal of modeling flexibility because
individual blade designs tend to have widely varying configurations. The FLAIR program
(vefs. 4, 5, and 6) is able to perform this type of aeroelastic stability calculation, but is
limited to a configuration that has a rigid blade, a uniform flexbeam, linear aerodynamics,
static induced velocity, and several different blade/root configurations. While FLAIR is
currently being used in the rotorcraft community, it lacks the flexibility and generality
necessary for it to be considered general-purpose analysis.

For analysis of problems involving complete rotorcraft, there exist large helicopter sim-
ulation programs such as C-81 (ref. 7) and G400 (ref. 8). These programs were designed
primarily for time-history analysis of rotorcraft behavior in forward flight rather than for
acromechanical stability. Despite their generality and complexity, these programs have
limitations (primarily related to aerodynamics) which are pointed out by Johnson (ref. 9)
in his discussion of these and other large rotorcraft programs. While the CAMRAD pro-
gram overcomes many of these limitations, all of these programs (including CAMRAD) are
restricted to a fixed number of physical models, and lack the modeling flexibility needed to
deal with a wide variety of blade/root geometries. Many of these programs rely on results,
such as a set of modes, from other programs. This approach may present an assortment of
modeling difficulties, especially for bearingless rotor blades. In particular, the mathemati-
cal and physical consistency of a combined approach is seldom examined, and the physical
bases of the individual programs are likely to not be consistent. Furthermore, in stability
analyses a nonlinear static equilibrium solution is needed about which to linearize — an
important consideration which most of the earlier simulation programs do not address.



Therefore, it is important that a code be developed in which blade structural dynam-
ics, isolated blade stability, and isolated rotor stability, as well as coupled rotor/airframe
stability, can all be treated under a consistent set of physical assumptions.

Dynamic coupling programs, such as DYSCO (ref. 10), which have a high degree
of generality, allow coupling of discrete component models and/or modal representations
of flexible structures. While DYSCO has a very powerful, executive-driven system, it
currently cannot treat the aeroelastic behavior of bearingless rotor systems undergoing
geometrically nonlinear deformation. The problem is that it lacks a sufliciently general
element in its element library.

Several recent implementations that apply the finite-element method to rotorcraft
problems (refs. 11, 12, and 13) are not able to overcome these limitations because their
physical models are limited to a single configuration. Simply breaking a rotating beam
into a number of finite elements yields nothing more than a discretized rotating beam.
This approach does not meet the requirement that the beam be coupled with an airframe,
or model blade/root kinematics of an arbitrary configuration. The classical finite-element
method is based on the breaking up of a single structure (i.e., a beam, plate, or shell)
into an arbitrary number of elements and expanding the appropriate field variables into
polynomial shape functions. This approach by itself also lacks the flexibility to deal with
truly arbitrary rotorcraft configurations because a helicopter is a system of structural
components, some of which may be rotating and/or translating relative to one another.
Because of this, rotorcraft are actually more akin to the multibody systems (refs. 14 and
15) encountered in spacecraft problems. Unfortunately, few multibody programs possess
the capability to deal with flexible components, and none have the capability to deal with
acroclastic phenomena since they were developed primarily for spacecraft applications.

All previous attempts at modeling rotorcraft problems have incorporated certain re-
strictions that are undesirable in a truly general-purpose program. General-purpose codes
that are currently under development, or will be developed in the future, should over-
come the major shortcomings of existing aeroelastic analyses. Consider, for example, the
following typical restrictions:

The first is a restriction to linear, small-displacement approximations of beam elastic
deformation. This restriction is unacceptable in a general-purpose rotorcraft program
becanse the rotor blade aeroelastic problem, especially for hingeless and bearingless rotor
blades, has been conclusively shown to be a nonlinear problem. A cemsistent approach
based on nonlinear kinematics is required for these configurations.

The second is a restriction to elastic blade models with ordering schemes, second-
degree nonlinearity, or “moderate” rotations. These approximations are undesirable be-
cause the governing equations often have to be augmented with certain higher-order terms
if the values of certain structural properties are not within some nominal range (Rosen
and Friedmann (ref. 16)). Therefore, in a general-purpose analysis, the higher-order terms
must be present. Ordering schemes, while still a valuable tool when used in special-purpose
codes and codes where accuracy is a secondary consideration, are neither necessary nor
desirable in a general-purpose context. Furthermore, a bearingless-rotor flexbeam inust



undergo deformation-induced rotations of the order of the collective pitch angle — a ro-
tation too large to be classified as “moderate.” Thus, bearingless rotor problems demand
a large-deflection analysis without artificial restrictions on rotations due to deformation,
the degree of nonlinearity, or the values of blade properties.

The third restriction is to a fixed number (usually one) of configurations (e.g., isolated
hingeless blade or coupled bearingless rotor and body or a single blade/root configuration).
This restriction is unacceptable in a general-purpose code because the intent of such a code
1s to analyze different types of configurations with a single, consistent set of assumptions.
Such a code should be able to treat all currently known blade/root mechanisms and, at the
same time, model configurations that do not yet exist. It should be possible to construct a
new configuration with simple building blocks and with no artificial limitations on the pro-
cess. For maximum flexibility in treating these different configurations, the finite-element
method is the preferred approach. Moreover, the existence of many different blade/hub
configurations for helicopters requires a capability to analyze arbitrary configurations of
structures, parts of which may be rotating. Thus, the code should employ the multibody
philosophy.

1.2. Approach

To overcome the aforementioned limitations of the existing methods of aeroelastic
stability analysis, the General Rotorcraft Aeromechanical Stability Program has been de-
veloped. GRASP combines the finite-element and multibody approaches, and incorporates
multiple levels of substructures to provide a powerful tool for rotorcraft analysis. The de-
sign of GRASP is based on the concept of a collection of flexible and rigid bodies connected
in an arbitrary manner. Libraries of elements, constraints, and solution algorithms appro-
priate for the helicopter aeroelastic stability problem were designed and built into the
program.

The element library promotes the modeling of the blades as beams; construction of
arbitrary mechanisms to treat blade/root kinematics with beam elements and rigid bodies;
treatment of the fuselage as either a rigid body, a collection of beam elements, or a modal
representation obtained from some other source; and treatment of both static and dynamic
induced inflow by means of blade-element /momentum theory. The constraint library allows
arbitrary connections between elements, includes constraints that allow for compliance in
the constrained rciative motion between elements, and includes constraints that allow
the connection of rotating and nonrotating substructures. None of the constraints in the
library use any kinematical approximations, such as small-angle assumptions. The solution
procedures include nonlinear static equilibrium and linearized stability about equilibrium,
both presently limited to the hovering flight condition.

It should be noted that these physical modeling assumptions and solution procedures,
while adequate for aeromechanical stability analysis in axial flight and ground contact,
are not adequate for a comprehensive rotorcraft dynamic analysis as defined by Johnson



(ref. 9). The analysis methodology used in GRASP, although a viable approé.ch for ap-
plication to nonlinear dynamics in forward flight, would require considerable effort to be
implemented in GRASP.

Several very desirable, but not required, features of a general-purpose code, have
been incorporated in GRASP. 1) The accuracy of the analysis may be increased without
having to add more elements. The aeroelastic beam finite element developed specifically
for GRASP uses a variable-order (or p-version) approach, which is based on high-order,
orthonormal, polynomial displacement functions (refs. 17 and 18). 2) As much as possible,
the equations of motion are formed by the program internally, minimizing the possibility
of human error in the equations. 3) The user interface 1s capable of handling a general
problem without having to be supplied with the form of the equations of motion or even
the number of degrees of freedom. 4) Both large and small problems can be modeled
with the same code. Thus, the number of degrees of freedom 1s not fixed a priori. This
feature not only requires a great deal of flexibility in assembling the system equations of
motion, but also requires that data be structured and managed in core with a flexibility
not inherent in FORTRAN (ref. 19).



2. SOLUTION APPROACH

GRASP is specifically designed to provide a tool for determining the equilibrium
deflections and aeroelastic stability of arbitrary rotorcraft configurations in hover or vertical
flight. A GRASP rotorcraft model is considered to be an aeroelastic system consisting of
a structural system, portions of which may be rotating relative to one another, and a
moving air mass with which the structure interacts. All parts of the model may be subject
to forces and externally applied constraints. The position of any point on the structure or
the air velocity at any point in the flow field relative to an inertial frame of reference may
be determined by solving a system of partial differential and boundary valne equations.
These equations are obtained from the laws of fluid and structural mechanics, and from
the constitutive properties of the materials in the structure and the air.

In vertical flight, hover, or ground contact a rotorcraft can assume a steady-state
cquilibrium configuration when the airflow, gravity, and the rotor spin axis are aligned;
and when the angular velocity of the rotationally isotropic rotor is constant. In this
restricted case where the structure is not subject to time-varying forces, it is possible to
eliminate explicit time dependence from the equations. This steady-state equilibrium can
be considered to be static when contrasted to the more general periodic equilibrium found
in forward flight problems. The steady-state equilibrium configuration is characterized by
a tune-invanant deformation in the nonrotating portions of the rotorcraft, a steady flow of
air through the rotor disk, and time-invariant deformations of the rotor blades with respect
to a rotating reference frame. The steady-state solution then calculates the equilibrium
values of all of the model generalized coordinates and generalized forces.

The equations of motion for the continuous-structure portions of the structure are
discretized by means of variable-order, finite-element shape functions. The equations for
the structure then become a systemn of nonlinear, ordinary differential equations. It is
possible, as indicated above, to eliminate all explicit dependence on time from the equations
for the restricted case of axial flight or ground contact. A linearized system of equations
may then be calculated by taking small perturbations about the static equilibrium state.
The stability problem is defined, therefore, by a second-order system of linear equations
with constant coefficients.

For infinitesimally small perturbations about a previously-calculated, steady-state
configuration, the dynamic motion of the rotorcraft can be represented as a linear combi-
nation of complex eigensolutions. Since the aeroelastic stability of the rotorcraft can be
determined directly from the eigenvalues, the primary objective of GRASP can be satisfied
by computing these eigensolutions. The frequency and damping information in the eigen-
values and the modal information in the eigenvectors, which can also be obtained from the
cigensolutions, facilitate the user’s understanding of the dynamics of the rotorcraft.

The eigensolution provides the complex eigenvalues and eigenvectors for all model
degrees of freedom associated with the equations of motion M{ + Cq+ K¢ = 0 which have
been linearized about a steady-state deformation. These equations are often referred to
as being “asymmetric” because of the nonsymmetry due to aerodynamics contributions
to the coefhicient matrices C and K. The coefficient matrix M, which is both symmetric



and positive-definite, contains contributions from the mass of the structural model and
from the “apparent mass” of the air. The coefficient matrix C contains contributions from
structural and aerodynamic damping and inertial forces. The coefficient matrix K contains
contributions from structural stiffness and effective stiffness from aerodynamic and inertial
forces. Like the steady-state solution, this solution requires that the model correspond to
a physical system which is not subject to time-varying forces. Currently, the asymmetric
cigensolution must be computed by using the steady-state solution obtained for an identical
model. This solution procedure prohibits one, for example, from obtaining the steady-state
deformations of an isolated blade, then applying that solution to a coupled, rotor/fuselage

configuration.



3. MODELING APPROACH

In order to form a mathematical representation of a structure that may contain bodies
which are experiencing large kinematic motions relative to one another, it is necessary to be
able to write the full, nonlinear equations of motion for the structure. The fundamentals of
the approach used in GRASP to derive these equations are adapted from methods that were
originally developed for spacecraft applications (ref. 20). For the types of structures that
GRASP is designed to represent, additional emphasis has been placed on using multiple
levels of substructures to model a structure.

The first step in modeling a structure in this manner is to decompose the structure
(called the parent) into a set of subordinate substructures (called children), each of whichin
turn may also be decomposed into a set of child substructures. This decomposition process
continues until every substructure has been decomposed into simple structural elements.
The lowest-level substructures (i.e. those with no children) are called elements. The result
of this method of modeling a structure is a hierarchically-ordered set (tree) of substructures
(fig. 1) that has the complete structure at the root and elements at each of the leaves.
Under this modeling scheme, a parent substructure may have any number (including zero)
of child substructures but only one parent substructure. The only substructure withont a
parent is the complete structure, which is at the root of the tree.

Modei-type subsystem: 1
° ° System-type subsystems: 2, 3
° Element-type subsystems: 4,5, 6, 7

Figure 1.  Hierarchical substructure tree.

The hierarchical model representation implemented in GRASP allows great generality
in the types of configurations that can be analyzed, and permits essentially arbitrary kine-
matic motions of cormponents relative to one another. This general framework, along with
a software design that emphasizes the use of libraries for constraints, elements, solutions,
and so on, means that the capabilities and limitations of the program are those associated
with the members of the libraries, not with the program in general.



3.1. Subsystems

In GRASP, substructures are abstracted into subsystems. Each substructure is then
represented by a subsystem, which may be classified according to its position in the hi-
erarchy (fig. 2). The subsystem representing the complete structure (or model) is called
a model-type subsystem. Substructures having no children (elements) are represented by
element-type subsystems. The remaining subsystems, those having a parent and at least
one child, are represented by system-type subsystems. To represent the substructures that
make up the model, subsystems serve several functions. First, they contain the complete
definitions of the substructures that they represent. Second, they are repositories for the
generalized coordinates, generalized forces, and dynamic matrices associated with the sith-
structures. Finally, they serve as the basic units of the hierarchical organization, which
is an integral part of the computational process of transforming the parent generalized
coordinates to the child generalized coordinates, and transforming the child generalized
forces to the parent generalized forces.

Element

Element Element Element
Figure 2.  Hierarchical subsystem tree.

Subsystems, in general, may contain the following: a frame of reference, a set of nodes,
a set of generalized coordinates, and a set of constraints. Each of these entities performs
a different function within the subsystem, and will be described in the following sections.



3.1.1. Frames of Reference

Every subsystemn in a GRASP model (with the sole exception of the air mass element)
has a frame of reference associated with it. The frame of reference is not associated with
any material point on the substructure, but instead serves as the “point of view” for the
subsystem. As such, it establishes the coordinate system for that subsystem. The initial
position and orientation of a reference frame may be selected to define a coordinate system
that is natural for the subsystem (e.g., a hub-centered frame of reference might be selected
for a subsystem that contains a helicopter rotor).

Since reference frames are not physically connected to any structure, but rather are
allowed to move freely, six degrees of freedom are associated with each frame. These
degrees of freedom define the position and orientation of the frame of reference for the
current subsystem relative to the reference frame for its parent subsystem.

In addition to serving as a reference for the subsystem, the frame of reference may be
uscd to model the discrete motions of the substructure. This can often lead to significant
simplifications in the equations of motion for subordinate subsystems. For example, if a
reference frame is attached to the root of a rotating heam and used to model the rotational
motion of the beam, the equations of motion of the beam itself need not explicitly include
the rotational motion.

Since Newton’s laws hold only in an inertial reference frame, the model-type subsystem
at the root of the tree is defined to be fixed in an inertial frame of reference. Therefore,
while a model-type subsystem does have a frame of reference, that reference frame has no
degrees of freedom associated with it since it must be inertial. As a result, the motions of
every part of the system can be related to an inertial frame of reference.

3.1.2. Nodes

Nodes are used by GRASP to introduce degrees of freedom into a model. In general,
the degrees of freedom introduced by a node may be any generalized coordinates that can
be associated with a physically identifiable property of the structure. For example, the set
of degrees of freedom for a node could be defined to be the three rigid-body translations
and the three rigid-body rotations of a point on a structure. Alternatively, there could be
a node whose degrees of freedom are defined to be modal coordinates.

Currently, two different types of nodes are used by GRASP: structural nodes and air
nodes. The structural nodes provide the measures for the local displacement and rotation
of a structure. They move with the deformation of the structure and may be conceptualized
as massless, infinitesimal, rigid bodies that are physically attached to the structure. The
air nodes define the induced inflow velocity field through a helicopter rotor. The degrees of
frecdom for the air node are measures of the velocity distributions around the rotor disk.

10



3.1.3. Constraints

The constraints act as a sort of “glue” that holds a model together. Constraints
are used to model both physical constraints (e.g., pins, gimbals, and clamps), and to
eliminate the dependent degrees of freedom that have been introduced into the model. An
example of a physical constraint would be the clamped boundary condition at one end of
a cantilever beam. That end of the beam is modeled by constraining the node at one end
of the beam to have no translational or rotational motion. Now consider two frames of
reference that are defined to move as if they are rigidly connected to one another. For this
system, there are twelve degrees of freedom (six for each frame), but only six of them are
independent. Therefore, a constraint must be defined to remove the dependent degrees of
freedom. In general, the set of constraints for a subsystem must be sufficient to reduce the
total number of degrees of freedom to only the independent degrees of freedom for that
subsystem. Similarly, for the complete model, all dependent degrees of freedom must be
eliminated.

All of the constraints implemented in GRASP are based on purely kinematical rela-
tionships. There are no restrictions to small or moderate displacements or rotations in any
of the constraint equations. However, it is necessary to avoid the singularity that occurs
for deformation-induced rotations of 180° . This singularity arises as a result of using
finite-rotational kinematics that are based on Rodrigues parameters (ref. 21).

The constraints in GRASP are implemented at two levels: the program level and
the user level. The constraint “primitives” are found at the program level. These simple
constraints provide a basic set of connections among generalized coordinates, frames, and
nodes. At the user level, these primitive constraints are combined to provide the user with
physically meaningful constraints between structural elements. For example, the rigid-
body mass conncctivity constraint, which is used to attach a rigid-body mass clement to
a structure, is a combination of a primitive constraint between frames and a primitive

constraint between nodes.

In order to provide a full set of constraints, the constraint library in GRASP includes
several different classes of constraints. These include constraints between two frames, con-
straints between two nodes, constraints between generalized coordinates, and constraints
between a frame and a node.

3.2. Elements

Elements are subsystems that have no children. In addition to frame and nodal
degrees of freedom, they may also have additional, non-nodal generalized coordinates.
Comnputationally, the elements are the primary source of virtual work in the structure.
For steady-state problems, the elements return the generalized forces associated with a
given set of generalized displacements. For perturbation problems, the elements return
the clement coefficient matrices. These matrices are determined from the perturbations
in generalized forces resulting from perturbations in the generalized coordinates and their
time derivatives.
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3.2.1. Rugid-body Mass

The rigid-body mass element represents a rigid body that is subject only to inertial
and gravitational forces. It has a single structural node that is located at the mass center,
and its axes are aligned with the principal axes of the body. The frame of reference for the
rigid-body mass element coincides with the nodal coordinates in their undeformed state.

3.2.2. Air Mass

The air mass element models the momentum air flow through an axisymmetric rotor
disk. The degrees of freedom associated with this element are introduced through a single
air node. Since the air mass element is defined to be fixed in inertial space, the frame
degrees of freedom are suppressed. For steady-state problems, the residuals corresponding
to the uniform inflow velocity and the radial velocity gradient are calculated from momen-
tun considerations (ref. 22). For the asymmetric eigenproblem, only the momentum terms
(ref. 23) involving uniform and first-harmonic, cyclic perturbations of the inflow velocity
contribute to the element coefficient matrices.

3.2.3. Aeroelastic Beam

The aeroelastic beam element represents a slender, nonuniform beam (without shear
deformation) that is subject to elastic, inertial, gravitational, and aerodynamic forces.
The primary assumption in the derivation of the element equations (ref. 24) is that strains
remain small relative to unity. There are no small-angle approximations made and all
kinewmatically nonlinear effects are included. One current limitation is that orientation
angles (ref. 21) (of type body-three: 1 2--3) are used in the description of finite rotation
inside the beam element. Thus, rotations due to the deformation of beam elements may
not exceed 90° .

The aeroelastic beam element degrees of freedom come from a frame of reference that
coincides with the root of the element in its undeforined state, structural nodes at the
root and tip, an air node, and a set of internal degrees of freedom. The internal degrees
of freedom result from the higher-order polynomials that may be used to increase the
accuracy of the beam deformation calculations. When no internal degrees of freedom are
specified, the aeroelastic beam is an Euler-Bernoulli beam in which the axial and torsional
deformations in excess of a built-in pretwist are represented by linear polynomials, while
the bending deflect’ons are represented by cubic polynomials. The method of adding
internal degrees of freedom to improve the accuracy of an element is more convenient than
adding elements, and is also more efficient (ref. 17) given the same number of degrees of
freedom. Internal degrees of freedom may be added selectively to reflect the dynamics of
the clement. For example, if a beam is very stiff in bending and extension but soft in
torsion, additional torsional degrees of freedom may be added without having to include
any wmore bending or extensional degrees of freedom.

The acrodynamic forces on the beam element are calculated from quasi-steady strip
theory using lift, drag, and moment coeflicients that are piecewise continuous functions of
the angle of attack. Spanwise scale factors for the lift, drag, and moment may be specified
to allow for tip loss and other similar effects. The chord width, the pitch angle of the

12



zero-lift-line, and the offset of the aerodynamic center from the elastic axis may also vary
over the length of the element. The aeroelastic beam element also calculates the blade-
clement contributions to the induced velocity, which are combined with the momentum
contributions from the air mass element elsewhere.
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4. SOLUTION METHODS

The solutions currently implemented in GRASP allow the user to calculate the steady-
state deformations of a structure under load, and then to solve for the eigenvalues and
cigenvectors of the deformed structure. In order to obtain a valid eigensolution, the steady-
state deformations that are used must be such that the structure is in equilibrium.

4.1. Steady-State Solution

The equations for the steady-state equilibrium of the model are a set of nonlinear,

algebraic equations of the form

Qi = flq1,---,9n); 1=1,...,N (4.1-1)

where the Q; are the generalized forces (residuals), the g; are the generalized coordinates,
and N is the number of system degrees of freedom. These equations are generated in-
ternally by GRASD at the element level, and automatically assembled by the constraints,
which combine the contributions from the finite elements into the final set of equations. The
solution to this set of equations is obtained through the use of the Levenberg-Marquardt
algorithm. This algorithm minimizes the sum of the squares of the residuals from the
steady-state equations. The implementation in GRASP uses the IMSL (ref. 25) subrou-
tine ZXS55Q).

For problems involving the aeroelastic beam element with internal degrees of freedoin,
the solution algorithmn is used at two levels. First, it is used in an outer iteration loop to
arrive at a solution to the steady-state equations for the complete model (which excludes
the acroelastic beam internal degrees of freedom). In addition, it is used in a separate,
inner iteration loop to calculate the internal degrees of freedom for each aeroelastic beam
element. A full inner solution for each aeroelastic beam is calculated for each iteration of
tlie outer solution.

In order to arrive at a steady-state solution, the residual forces on the system must
be calculated, given a deformation state. The algorithm that is used to calculate the
residuals for the top-level subsystem in the hierarchical organization of the model is based
on a full-order tree traversal (fig. 3). When traversing down the tree (away from the root
subsystem), the st..e vector for each child subsystem is calculated from that of its parent.
Also, the inertial motion of the child subsystem reference frame is calculated from that of
the parent. Upon reaching an element, the state vector for that element and the inertial
motion for the element frame are used to calculate the element residuals. Traversing
back up the tree (towards the root subsystem) the residuals from each child subsystem
arc transformed into its parent subsystem and added to the parent residuals. When the
traversal is complete, the residuals corresponding to each generalized coordinate in the root
subsystem are known. The complementary processes of calculating the state vectors and
assembling the residual vectors are accomplished by using the constraints, which define
the rclationships among the degrees of freedom in the parent and child subsystems.

14



Calculate generalized coordinates {1, 2, 3, 5, 7, 10}
Assemble generalized forces (4, 6,8, 9, 11, 12)

Forces calculated in subsystems 4,5, 6, 7

Figure 3.  Steady-state solution full-order traversal.

The solution methods available in the current version of GRASP are restricted in that
the same model must be used for both the steady-state and asymmetric eigenproblemn solu-
tions. This creates a problem for the steady-state solution algorithm when a configuration
contains unconstrained degrees of freedom. This can occur when a model having both ro-
tating and nonrotating components is being analyzed. For such a configuration, the cyclic
degrees of freedom generated by the rotating constraints are unconstrained. It can also
occur in airborne configurations, which suffer from the same problem because their body
degrees of freedom are unconstrained. To alleviate this problem, GRASP currently marks
these unconstrained degrees of freedom during the building of the model, and eliminates
them from the state vector used in the minimization algorithm.

4.2. Asymmetric Eigenproblem Solution

The system equations for the asymmetric eigenproblem can be expressed in the famil-
iar form

Mi+Ci+Kg=0 (4.2-1)

where the §’s are infinitesimal perturbations of the generalized coordinates. The algorithm
used to assemble the coefficient matrices for the root subsystem is very similar to that
used to calculate the steady-state residuals in that it also is based on a full-order tree
traversal (fig. 4). However, while traversing down the tree, no state vector calculations
are required. Upon reaching an element, the coefficient matrices for that element are
calculated. During the traversal back up the tree, the constraints are used to assemble the
child subsystem matrices into the parent matrices. At the conclusion of the traversal, the
coefficient matrices for the model subsystem are complete.



Assemble subsystem matrices (4,6, 8,9, 11, 12}

Calculate element matrices in subsystems 4,5, 6, 7

Figure 4. Eigensolution full-order traversal.

The solution of this set of equations is begun by factoring matrix M using the Cholesky
decomosition algorithm. The GRASP implementation uses subroutine LUCECP from the
IMSL (ref. 25) library. M then becomes

M =LL" (4.2-2)

Introducing the transformation
:=L7§ (4.2-3)

the mass matrix M can be reduced to an identity matrix and the system equations can be
written as

A3+ L7'CL T;+ LKL Tz =0 (4.2-4)

Writing this system of equations in first-order form

A 0], 0 A )
[0 A]y:[—L—’KL—T —L—ICL—T]y (4.2-5)

Y= { : } (4.2-6)

Time may be eliminated by the introduction of

Yy = {/\zz*m } e’\t (42-'7)

where

<

¢
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which allows the extraction of eigenvalues and eigenvectors directly from the matrix on the
right-hand side of equation (4.2-5). The dynamic matrix is balanced, converted to Hes-
senberg form, and then the QR algorithm is used to obtain the eigensolution. Finally, the
eigenvectors are transformed back to the original coordinate systemn via the transformation

¢ =Lz (4.2-8)

GRASP uses subroutine RG from the NASA/Ames Cray library to calculate the

eigensolutions.
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5. COORDINATE SYSTEMS

In GRASP, many different coordinate systems are used to mathematically describe
the physical structure. To differentiate among them, each coordinate system is identified in
its undeformed state by a capital letter (e.g., A). Depending on the context, an identifier
may refer either to the coordinate system itself or to a point located at the origin of the
courdinate system. The addition of a prime or a double-prime to the identifier indicates
that the designated coordinate system either is in a state of static equilibriuin (e.g., 4') or
is in a dynamically perturbed state (e.g., A"). With these multiple coordinate systems, it
is often desirable to use several types of mathematical notation when deriving and writing
equations. Not only can the form of the equations be simplified, but also they can be
made more readable. This section is intended as an introduction to the notation used in
the sections where the equations are actually derived.

5.1. Vectors

Vectors play an important role in coordinate system mathematics. Associated with the
orthogonal axes emanating from the origin of every coordinate system is a set of dextral
unit vectors. These unit vectors are called the base or basis vectors of the coordinate
system. In addition, vectors are used to define variables such as position, velocity, and
acceleration. Three types of notation are used in writing vector expressions and operations:
vector-dyadic notation, index notation, and vector notation.

5.1.1.  Vector-Dyadic Notation

All vectors and dyadics used in GRASP are underlined (e.g., V), and all unit vectors
are identified by a circumflex. The difference between a vector and a dyadic should always
be clear from the context of its usage. For a coordinate system A, the basis vectors are

- A . . . . .
written as b; , where ¢ = 1,2,3. Any unit vector other than a basis vector is denoted by ¢,

and may appear either with or without superscripts.

When kinematical quantities have coordinate systems associated with them, the rela-
tionship 1s defined by using the appropriate superscripts. For example,

RBP4 = position of the origin of coordinate system B

with respect to the origin of coordinate system A

VBA = Jelocity of the origin of coordinate system B
with respect to coordinate system A

APBA = acceleration of the origin of coordinate system B
with respect to coordinate systemn 4

QB4 = angular velocity of coordinate system B

with respect to coordinate system A

18



Forces and moments are significant in their point of application as well as their source.
The notation adopted herein 1s

FA =force at A

A/_I_A —moment at A

For example, a force and moment at A contribute to a moment at B according to the

relationship
MP = M* + R*P x A* (5.1.1-1)

5.1.2. Index Notation for Vectors

A vector V in the A basis may always be expressed as

~A

V= Vab (5.1.2-1)

13

where the summation convention adopted is that repeated indices are always summed
over their range. Unless otherwise specified, Latin indices assume the values 1,2,3; Greek
indices assume the values 1,2. The subscript 4 in Vy; indicates that the measure numbers
V4; are defined in the A basis.

Two symbols frequently encountered in vector operations that use index notation are
the Kronecker delta é;; and the Levi-Civita epsilon €;j; where

bi; = {0 LI (5.1.2-2)

1 i=3
0 any index repeated
€k = § +1 cyclic permutation (5.1.2-3)
-1 acyclic permutation

The Kronecker delta consists of the components of the identity tensor in a Cartesian
coordinate system, while the Levi-Civita epsilon consists of components of the permutation
tensor in a Cartesian coordinate system. Some useful identities regarding both of these
symbols may be found in reference 26.

51.3. Matrix Notation for Vectors

Using index notation, a vector ¥ may be expressed in the A basis as shown in equa-
tion (5.1.2-1). Since the basis is identified by the subscript A, the measure numbers
themselves may be viewed as a complete description of the vector. Thus, the column
matrix V4 can be defined to be

Vai
V=" Vaa (5.1.3-1)
Vas
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as an alternate way of expressing the vector V. The dot product U -V may then be written
as
r
Al
UiVa = |Uas Uaz Uas| { Vaz (5.1.3-2)
Vas
The cross product of two vectors U and V. may be written as

-

- A
UxV =Uaib; x Vasb;
<A _
= fiijAjV'Akbi (013-3)
= U ai;Vajb;

This equation implies that the measure numbers of the cross product in the A basis are
siinply the elements of the matrix product U 4V4 where

( )ij = —€inl )y (5.1.3-4)
For example,
_ 0 —~Uas  Uge
Ua=|Uas 0 ~Un (5.1.3-5)
—Uaz  Ua 0

There are also several useful identities that can be derived for two column matrices a
and b

ab = — ba
aTh=—bTa = (ab)T
(5.1.3-6)
ab = — aTbA + ba”

ab =ba® — abT

ab — ab =ba
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5.2. Finite Rotations

In many kinematic analyses, rotations are assumed to be either infinitesimal or moder-
ate in size. These assumptions allow certain simplifications in the kinematical rclationships,
but constrain the range of applicability of the analysis. In GRASP, no such assumptions
are made and all rotations are assuined to be of arbitrary size (finite). Finite rotations are
expressed in four ways in GRASP:

(1) direction cosines,

2

(2) Euler rotations,
(3) Tait-Bryan orientation angles, and
(4)

4) Euler-Rodrigues parameters. Internally, GRASP expresses all finite rotations in terms
of direction cosine matrices. For the convenience of the user, any of the other three
methods may be used to specify the input to GRASP. Since there are significant
differences in the algorithms used to compute the direction cosine matrix, all three of
the other representations are also discussed in detail.

5.2.1. Direction Cosines

When a coordinate system B undergoes an arbitrary rotation relative to coordinate
system A, the basis vectors are related by the equation

- B
b

Y —

~A
cl4b; (5.2.1-1)

where the superscripts are coordinate system identifiers, not indices. The matrix of direc-
tion cosines CB4 is orthonormal such that

CBACAB — c4BCBA = A (5.2.1-2)
It should be noted that the form of the matrix of direction cosines used in this manual is

the transpose of that developed in reference 21.

Similarly, with this notation it is easy to show that a basis change for any kinematical
vector can be performed by changing the subscript and multiplying by the matrix of
direction cosines for the bases.

Vg = CPAV, (5.2.1-3)
Note that for kinematical vectors the superscripts are unaffected by these operations.

5.2.2. Euler Rotations

If coordinate system B, initially coincident with A, rotates about a unit vector é fixed
in 4 by an angle 8 (fig. 5) then the matrix of direction cosines can be written as

CBA:Ac059+eAeAT(1——cosO)—éAsinG (5.2.2-1)

where
(5.2.2-2)

3}
b
-

Il
(o3
j~>



>

8
b3
0
A
b3
A
b2
B
b2
Figure 5.  Euler rotation.

5.2.3. Tait-Bryan Orientation Angles

. . .. . ~A -B
Consider two coordinate systems A and B with coincident basis vectors b; and b, .
Let the orientation of B with respect to A change as follows (fig. 6):

-B
1) Perform an Euler rotation of B about é = b, (7 = 1,2, or 3) by an angle 8;;
j gle Y
-B
(2) Perform an Euler rotation of B about ¢ = b, (k=1,2, 0r 3, k # j) by an angle f;

(3) Perform an Euler rotation of B about ¢ = &,B (!l =1,2,0r 3,1 # k,l # 7) by an angle
;.

The final orientation of B relative to A depends both on the magnitudes of #;, 6,, and 6,

and the sequence j-k-l. Details of this type of transformation may be found in reference 21

where Tait-Bryan angles are classified as orientation angles of type body-three. For the

rotation sequence 1-2-3 the matrix of direction cosines is calculated as follows:

-

C3 83 0 C2 0 — 89 1 0 0
CBA~ | —55 ¢ O 0 1 0 0 ¢ s
i 0 0 1 s2 0 ¢ 0 —-s; ¢
(5.2.3-1)
[ cac3 €183+ 81523 5183 — C182C3
= —C983 C€3C3 — 8518283 81C3 — C18283
i S92 —381C2 Cc1C2
where
¢; = cos b,
(5.2.3-2)

8y — sin 0,’
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Figure 6.  Tait-Bryan orientation angles (1-2-3).

5.2.4. Euler-Rodrigues Parameters

For two coordinate systems A and B, three parameters ¢; = 2e4i tan(%) may be used

to describe a change in orientation (ref. 21). The values of ¢; herein are scaled by a factor

of 2 relative to the Rodrigues parameters presented in reference 21, so that for infinitesimal
- . ~A . ~B =
values of ¢; = ¢;, the rotation may be regarded as a vector ¢:b; = ¢ib; with CBA=A-¢.

The matrix of direction cosines is then simply

T -~
(- #9)a+ * -

cBA = 5.2.4-1
14 €2 ( )
The angular velocity of B relative 4, expressed in the B basis, can be written as
A-9)é
LR Gl 5.2.4-2

These relations contain no trigonometric functions and are easily expressed in a shorthand
matrix notation. Furthermore, a simple inverse transformation exists s~ that given CP4,
the values of ¢ may be obtained from

26,’jijBkA
;= ——=L— 5.2.4-3
Y= T ci4 ( )
where CF4 is the trace of CBA. Given ¢ and 054, ¢ can be obtained from
. 7 T
é=(A+ 5; - ﬂﬁw)ngf‘ (5.2.4-4)

Transformations between Euler-Rodrigues parameters and direction cosines (or angular
rates) are very simple relative to the transformations required for Tait-Bryan angles.
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5.3. Angular Velocity and Virtual Rotation

The measure numbers for the angular velocity of coordinate system B relative to
coordinate systemn A expressed in the A basis, (184, may be determined from the addition
theorem discussed in reference 27. They can be related to the time derivative of the matrix
of dircction cosines as follows:

GBA = _QBACEA _ _CBAQE4 (53 1)

By virtue of the Kirchhoff kinetic analogy (ref. 28), CB4 in Eq. (5.3-1) may be replaced
with §CB4, and NBA with éﬁb_g“l The expression for the components of virtual rotation
of B in A then becomes

—~ B —_—
5CBA = _§h, CBA = _CBAgY, (5.3-2)

The corresponding virtual rotation vector §¢B4 is used in determining the virtual
work due to applied moments. The components of virtual rotation may be obtained from
any cxpression involving the angular velocity in a manner identical to that used to obtain
equation (5.3-2) from equation (5.3-1).

Sinilarly, infinitesimal perturbations of the rotation vector can be obtained by sub-
stituting CB4 for CP4 and 684 for 0184 in equation (5.3-1).

CBA . _§BACPA _ _cBAagEA (5.3-3)

5.4. Velocity, Acceleration, and Virtual Displacement

Velocity and acceleration vectors are obtained by applying the superposition theo-
rems discussed in reference 27. The calculation of the velocity and acceleration vectors
is fundamentally nothing more than the differentiation with respect to time of a position
vector in (i.e., relative to) some coordinate system. It is often necessary to determine the
time derivative of a vector in coordinate system B, when the derivative is known only in
coordinate system 4. Given an arbitrary position vector R and its first and second time
derivatives in A, the first and second time derivatives of R in B may be determined from
the following expressions.

d a
B — A AB
af= TR T4 <&
d? d d
B B B
aa c(Blp
et T a ( dr)
(5.4-1)
:Ai AiR+QABXR -*'QABX AiR_*_QABXR
dit dt— - dit
_ 4% g aldgan  piagan, alpgap (4B, Ry
de? = dt— dt™— -



The Kirchhoff kinetic analogy (ref. 28), can also be applied to equation (5.4-1) to
obtain the virtual displacement vector. Time derivatives in B, B4 ('), are replaced with

B§( ); velocity vectors in 4, Afi( ), are replaced with virtual displacments in A, 46();

and angular velocity vectors Q4P are replaced with virtual rotations %AB.

B§R = “§R+6¢*F xR (5.4-2)
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6. SUBSYSTEMS

As described in Section 3, the physical structure that is being modeled by GRASP is
broken down into a hierarchy of substructures. Each of these substructures is represented
in GRASP as a subsystem. Every subsystem in the model is in turn composed of a sct of
components which may include a frame of reference, a set of nodes, a set of constraints,
and a set of child subsystems. It is the interrelationship among these components that
allows the construction of the equations of motion for each subsystem.

6.1. Frames of Reference

The position of the frame of reference F for a child subsystem relative to the frame
of reference S for the parent subsystem is defined as RS and the orientation (direction
cosines) of the child subsystem’s frame relative to the parent’s frame is defined as C¥*
(fig. 7). Since Newton’s laws apply only in inertial frames of reference, all equations of
motions must be written relative to an inertial reference frame. Therefore, it is essential
to have a method of transforming back to the inertial frame from any subsystem framne in
the model. If the position and orientation of the parent’s reference framme S are defined
rclative to an inertial reference frame I, the inertial position and orientation of any child’s
reference frame F' can be determined from the parent’s reference frame S by applying the
following equations recursively.

(6.1-1)

In addition to the position and orientation of any reference frame relative to the inertial
reference frame, it is necessary to know the inertial motion of every subsystem frame. A
subsystem reference frame may experience accelerations relative to the inertial frame if it
or any of its direct ancestors is experiencing translational accelerations or rotation motions.
Thus, if the inertial motion of the parent’s frame of reference S is known, then the velocity,
angular velocity, and acceleration of the child’s framne F can be obtained from the following

equations:

QFf —qST 4 oF$ (6.1-2)
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Figure 7.  Frames of reference.

When expressed in the appropriate bases, these equations become (in matrix formn)
*V;'I ___CFS(V'SFS + V'SSI + leRIS?S)
bl —cFsg! + af’) (6.1-3)
A —OFS(A® 1 A 4 AT RYRE)

Note that in the current version of GRASP, it is assumed that VSFS = Ags = 0.
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Frames also possess six rigid-body degrees of freedom. Thus, while fraimmes are not
physically attached to the structure, they may move relative to one another in space. In the
casc of steady-state deformations, these six degrees of freedom include three translations
along the deformed frame basis vectors and the three Euler-Rodrigues parameters for
angular displacements. The steady-state displacement vector for frame F is

i r "F,
RFE = REFD, (6.1-4)

The steady-state frame rotations are expressed in terms of (;th'F, and the direction
cosines of the deformed frame coordinate axes F' with respect to the undeformed coordi-
natc axcs F are written as C{; F In matrix notation, the stecady-state frame state vector

REF
gF = { ¢§1’p } (6.1-5)

18

For dynamic perturbations about the steady-state condition, the displacement vector

15
ATEE alXl ‘I~F”
RF'T — RELF'B, (6.1-6)

2

The dynamic perturbations of the frame rotations are expressed in terms of infinitesimal
rotations 5, F' | for which the direction cosines (ref. 21) are

1ot 'IF”F’
CFF =A - 0pu; (6.1-7)

In matrix notation, the dynamic perturbation frame state vector is then

RELF
qpu fumd { é;“F' } (61“8)

Ili

The virtual displacements for the steady-state and dynamic formulations are simply
variations of the displacement coordinates

6RF'F —§REFH]

(6.1-9)
FI’FI F'IFI ‘F”
R :6Rpu.' Q.’
and the virtual rotations are variations of the rotational degrees of freedom
F'F o, FFF
611) —é_wpl,' b
(6.1-10)
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6.2. Nodes

Nodes are used by GRASP to model the kinematics of a structure, and their degrees
of freedom are representative of the physical states of that structure. The position and
orientation of any node is defined relative to the frame of reference for the subsystem in
which the node resides. Thus, for a node N in a subsystem with reference frame F, the
position and orientation of N with respect to F are RN and CNF | respectively. Two types
of nodes are currently used in GRASP: structural nodes and air nodes. The kinematics of
these nodes are described in the following sections.

6.2.1. Structural Nodes

A structural node represents a specified material point on a structure. Since the
material point may have up to six degrees of freedom, the structural node also has six
degrecs of freedom. For the case of steady-state deformations, these six degrees of freedom

. ~N
include three translations along the undeformed nodal basis vectors b; and three Euler-
Rodrigues parameters ¢V N for angular displacements. The nodal displacement vector for

node N is then , PN
RN'N — RN'Nj. (6.2.1-1)

The direction cosines of the deformed nodal coordinate axes N' relative to the undeformed
axes N are expressed as Cg'N. Then, in matrix notation, the nodal state vector is

RNN
N = { P } (6.2.1-2)

Note that the nodal steady-state degrees of freedom are referenced to the undeformed nodal
basis, whereas the frame steady-state degrees of freedom are referenced to the deformed
frame basis.

For dynamic perturbations about the steady-state condition, the displacement vector
is , N
RN'N = RE N, (6.2.1-3)

The dynamic perturbations of the nodal rotations are expressed in terms of infinitesimal
rotations 8%, N' for which the direction cosines are

" , :NIINI
CN' N =A -0y (6.2.1-4)

In matrix notation, the dynamic perturbation nodal state vector is then
RN"IN'
gnn = { é,fy,',N, (6.2.1-5)
Ni

Note that the nodal dynamic degrees of freedom are referenced to the undeformed nodal
basis, whereas the frame dynamic degrees of freedom are referenced to the dynamically
perturbed frame basis.
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The virtual displacements for the steady-state and dynamic formulations are simply
variations of the displacement coordinates

LS_-EN’N :5R%;N§fv

(6.2.1-6)
NHNI N'"N' ~N
6RN'N' =R N'b]
and the virtual rotations are variations of the rotational degrees of freedom
' rar~ N
sy féﬂ:}u’vbi
(6.2.1-7)

NIINI NHNIAN
é’ili :ﬂ]\li b;

6.2.2.  Air Nodes

The generalized coordinates representing the axisymmetric flowfield associated with
a helicopter rotor are introduced into GRASP by means of the air node. The generalized
coordinates arc defined relative to an inertial frame of reference I, and determine the
inertial air velocity at a point @ as

~A
U = (UL + v + RS + RS A)b, (6.2.2-1)

~A
where b, is an inertially fixed unit vector and A is a coordinate system whose origin is
located at the center of the axisymmetric flowfield. The distance from the center of flow r
can be calculated from

2 2
r? = (RSN + (RSH) (6.2.2-2)

For the case of steady-state inflow, U* and 7{. represent the uniform inflow velocity
and the radial velocity gradient, respectively. The other two generalized coordinates have
no physical meaning under these conditions, and therefore are not used. The air node state
vector for steady-state inflow is then

qa = {UlA} (6.2.2-3)

A
Yir
To model dynamic inflow, generalized coordinates U{!, 7{}, and v{} represent the

collective and two cyclic velocity perturbations. The air node state vector for dynamic
inflow is then

QA" = 76 (622"4)
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7. CONSTRAINTS

The purpose of a constraint is to create a dependency among generalized coordinates.
In GRASP, the dependencies among the generalized coordinates are used to eliminate
dependent generalized coordinates in favor of independent generalized coordinates. In
the following sections, the general formulation of a primitive constraint will be presented,
followed by the specific applications in GRASP. Then, the composite constraints that have
been constructed from the primitive constraints will be discussed.

7.1. Primitive Constraints

Consider a set of generalized coordinates that are related to one another through a
constraint. The constraint relationship ¢ may be written in the special form

qei:gi(qu,...,qm,), (i=1,...,N¢) (7.1-1)

Thus, the generalized coordinates related by the constraint can be partitioned into two
sets: a set to be eliminated, ge, and a set to be retained, g.. Using the constraint relation-
ship, the set to be eliminated can be obtained directly from the constraint functions which
depend only on the set to be retained.

The virtual work for the generalized coordinates associated with the constraint is

N¢ NT
W= 6q, Qe+ ) 64, Qn (7.1-2)
=1 =1

The sum of the generalized forces @ associated with a generalized coordinate may differ
from zero for two reasons. First, during the process of seeking an equilibrium solution,
equilibrium may not always be satisfied. In this case, the sum of the generalized forces is
residual force that is a measure of the error in the approximate solution. Second, even if
the complete system is in equilibrium, individual subsystems may not be in equilibrium.
The generalized forces for these subsystems will be nonzero.

Taking the variation of equation (7.1-1)

N"
dg;
9qr,

bq,, = §q,,, (i=1,...,N) (7.1-3)

i=1

and substituting Eq. (7.1-3) into Eq. (7.1-2)

NT Ne© ag’
W = Z‘Sqr,‘ (Qri + Z aql Qei) (7'1_4)
=1 i

=1

This relationship is used by GRASP to incorporate the contributions of the generalized
forces associated with the climinated gencralized coordinates into the retained generalized
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forces. During calculation of steady-state residuals, the residuals associated with the elim-
inated generalized coordinates are transformed and added to the appropriate residuals in
the parent substructure’s residual vector.

The treatment of constraints for small perturbations about an equilibrium state is
a little more involved. For this problem, each generalized coordinate is assumed to be
the sum of an equilibrium value and an infinitesiinal perturbation from that value (i.e.,
g = ¢+ q). Equations (7.1-1), (7.1-3) and the generalized forces @ can all be expanded
in Taylor series about the equilibrium value. Noting that equation (7.1-1) is valid when
q — g, cxpansion of equation (7.1-1) yields

0gi

o= 5
j=1 O4r,

Gy 4, (i=1,...,N%) (7.1-5)

Expansion of equation (7.1-3) yields

bq :i&q 99 Z By q
e U\ %y = 09r, 0, ’ (7.1-6)

(i=1,...,N°)

Expansion of the generalized force, @, for both eliminated and retained terins yields

== e'+ZLeeJQe,+LLer,qU, (i:l,___,Ne)

(7.1-7)

N¢ NT
QY‘,’ :—Q—r'. + Zfr(ejQCj _{' Z—Er,'r,' (jr,w (1’ = 11’ ¢ ’7N1‘)
=1 j=1

where the linear operator, L, contains the terms normally associated with the mass,
damnping, and stiffness matrices, — M ;:, Cfi — K. Note that the minus signs are present
in the definition of o because the generalized force is generally regarded as positive on
the right-hand side of the dynamical equation, whereas the linear coefficient matrices are
regarded as positive on the left-hand side.

GRASP calculates the M, C, and K matrices for a subsystem by adding the contri-
butions of each of its children. The rows and columns of the child subsystem’s matrices
correspond to all of the generalized coordinates of the child. The constraints are used to
eliminate dependent generalized coordinates, resulting in matrices whose rows and coluinns
correspond to only the retained generalized coordinates of the child. The matrices elements
are then added to the elements of the parent’s matrices that correspond to the child’s inde-
pendent degrees of freedom. The required transformations can be found using the virtual
work for the subsystem.
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An expression for the virtual work from small perturbations about the equilibrium
state may be obtained by substituting equation (7.1-6) and the eliminated and retained
subsets from equations (7.1-7) into the virtual work expression in equation (7.1-2).

»

N¢ N7 éy— N 82q N¢ NT
S N S S (@ s S Lo
i=1 j=1 r; k1 7Iri 99 k=1 k=1
NY' NQ NP o
+ L 5(]” Qr‘. + L Lr.-e,- er + 2‘ Lr;r,' er
i=1 j=1 j=1
(7.1-8)

After discarding terms of second or higher order, the expression for virtual work
consists of a constant part and two first-order parts in ¢. The constant part is the same
as equation (7.1-4), except that it is evaluated for the equilibrium state.

N¢ N7

DIPIRLS (%Qﬁ +§r,.> (7.1-9)

=1 3=1

The first linear portion of the virtual work is the single term

N; N'6 N¢< 52‘; o ]
3D da, (z; WQE;) Gri =

A (7.1-10)
Z Z 6qr,- (—Kr(jr,,) ry
J=1k=1

The matrix K€ represents the geometric stiffness associated with the constraint. During
assembly of the matrices for the parent substructure, GRASP calculates this geometric
stiffness and adds it to the stiffness matrix in the parent substructure. This extremely
important term is often overlooked. For instance, a pendulum, modeled as a rigid-body
inass constrained to rotate about an offset axis (using a screw constraint) derives all of its
stiffness from this geometric stiffness term.

The remainder of the linear terms are

NT™ N°¢ _ Ne¢ 3g'—
Z Zéqrj (L"ieh + Z aq l. Le.-e,,) q€k+

j=1k=1 i=1

(7.1-11)
NT™ NT _ N¢© ag -
Z > ba, (L””" * Z 9gr; Le"”’) r
j=1k=1 =1 ’
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After substituting equation (7.1-5) into equation (7.1-11) for the eliminated perturbation
coordinates these terms become

N™ NT

Ne
_ dgi -
Z Z 6‘1r; (L"j";. + ; b(*lgr:Le;r;. +

j=1k=1
NE —— NC NE —_— ——
ST gt 3 9¢i 7 99 )
a rie dqr. 3qr’_ e 3qr. qre

i=1 =1

(7.1-12)

The quantity within the parentheses in equation (7.1-12) can be thought of as defining
a new sct of A, C, and K matrices in terms of the retained and eliminated portions of
the original matrices. GRASP calculates the new matrices and adds their elements to the
elements of the parent substructure’s matrices.

The definition of a constraint follows from the specification of the function g. To obtain

a solution for a system in equilibrium, the matrix 5-3 must be known. A perturbation

solution, however, requires both the matrix gg and the geometric stiffness matrix K¢. In

the following constraint derivations, matrix g—% will be denoted by R.

7.1.1. Fixed Frame

The fixed frame constraint describes a rigid connection between two frames of refer-
cnce, F' and S. Regardless of the changes in position and orientation relative to inertial
space that they may undergo, their position and orientation relative to one another re-
mains constant. The current (child) frame F will have its degrees of freedom eliminated,
while the degrces of freedom for the superordinate (parent) frame S will be retained. In
GRASP, this constraint is available through the user interface.

Steady-State. Consider two frames in their undeformed (S and F) states and in their
steady-state (S’ and F') configurations (fig. 8). The degrees of freedom of F (and F') are
considered to be dependent, while those of S (and S’') are independent. The frames are
assumed to be connected such that

RS + R5F 4+ RFF L RF'S =9 (7.1.1-1)
where L
RES = RES (7.1.1-2)
and ,
ciscsFeFrels = A (7.1.1-3)
Thus,

RF'F _ pF'S' | RS'S _ RFS
REF — CF'S'(RS)S 4 RES'y — cF'S' ¢S'SRES (7.1.1-4)

CF'F — CF'S'cS'ScSF
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Figure 8.  Fixed frame constraint.
Consider the virtual work performed in the F' frame at F'.
sW = (6REF) FE + (syEF) ME, (7.1.1-5)
The virtual displacements and rotations at F are related to those at S such that

§REF = CF'S'(6RSS — 6C° °RE”)

Ll ! NS’S '
= cF'S'(6R%S + 645 C° °RG®)

(7.1.1-6)
= CF'S'(6R3.° — REP645°)
syEF = cF'S 6935
so that the virtual work performed in the F' frame at S' becomes
sW =(§RES) CS'F'FE +
5 (7.1.1-7)

. 1] T 1 ] 1! Il ]
(6935 (5T ME + RESFE)
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Equations (7.1.1-7) show the contributions of the force and moment acting at F' to the
force and moment at S for the steady-state problem.

Dynamic. Now consider the two frames in their dynamically perturbed (F'" and S')
states (fig. 8). The perturbed position and orientation are related by

RS 4 RSF L R 4 RF'S" =0 (7.1.1-8)
where
Rgvns - Rgls (7'11A9)
and .
CS"'S' ¢S F' oF' F  oF"S" _ A (7.1.1-10)
Thus,
REF =cF'S"(RE,S + RE,S"y—CF "5 ¢S5 S RES
(7.1.1-11)
warrFl _ CP‘HSH CS” sl CSIFI
Taking the variation of both sides yields
SREF — CFS SR 50 RE)
F"'s" Sllsl ~S“Sl :S”S’ F's' (7 1 1"12)
= CF'S"(§R3.S + 695 (A -6 )RES o

X f r 1 1t 1
6¢£:nF — CF S 6¢§”S

The transformation from the F' frame to the S'" frame can then determined in terins

()fR and I(G~ oot - rgt
cF's" _cF S RES

R = (7.1.1-13)

O CF”S”

where the columns of R are associated with variations of the generalized coordinates
§RZ,S and 6¢2,5 , and the rows are associated with §RE, ¥ and §¢E,F . Then,

KG:[O 0

N (7.1.1-14)
0 F&RES

H r

where the columns of K¢ are associated with generalized coordinates Rg:: 5" and 3.5,

and the rows are associated with §RS,5" and 643,5 . Equations (7.1.1-13) and (7.1.1-
14) define the constraint formulation for dynamic perturbations about the steady-state
configuration.
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7.1.2. Structural Node Demotion

The structural node demotion constraint describes a rigid connection between a node
D in the child subsystem which has a frame of reference F, and a node I in the parent
subsystem which has a frame S (fig. 9). The degrees of freedom for the dependent node
D will be eliminated, while the degrees of freedom for the independent node I, the super-
ordinate frame S, and the current frame F will be retained. In GRASP, this constraint is
generated internally, and is not available through the user interface.

!
Figure 9.  Structural node demotion constraint.

Steady-State. The governing equations express the displacement and orientation of
node D in terms of those of I, §, and F. The basic equations for the deformations come

from

RD'D :RD’I' + RI'I +RISI —}—RS'S—{— RSF + RFF' +RF'D

(7.1.2-1)
CD'D :CD'I'CI'IcIS'cS'ScSFcFF' CF'D
In matrix notation the basic equation governing displacement is
RY'D —cPF cF'FeFsess' (¢S I RBP4 RITY 4 RIS 4 RSS| - (112-2)

nl nll 7 L Al r
cPr(cT' P rES + RE" + RED)
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It is also necessary to take the force and moment at D' and find their contributions to the
forces and moments at I', F', and S’. For this, the virtual displacement and rotation of
D’ relative to D is required. The virtual displacement is

4 I~F’F ' ] ' ' S 4 ! 1 4
SREP = — CPF gy, CFFCFocsS [CSI(CTREYT + RIT) + RE + RS+
! 4 nl J I~S'S ! t gt + + M Q
cPF CHECHSesS sy [C¥I(CRYT + RTT) + REY + RS+
! r ' ' NI’I t rrt t t
cPFcrFerSess (e (eg; CT"RET +6R; ") + 6RES]+

'~F'F 1 ' !
CUF 6¢F, CF FcFSRg'S . CDF 6R§,F

— — CPF'§REF 4+ CPS6RES + CPISRI -

1 ~F'F ' ' ~S5'S ~I'T g
CPF §yp REF 4 PS8y RES 4+ CPley, RP!

= - CPF(§REF _ RDFgyE Fyy
CPS' (R3S - RD'S6¢55)+
CUIsRT! - RYby)
(7.1.2-3)

and the virtual rotation is
sypB'Y = cPlsyl'l 4 oPS 6955 — cPF syE ¥ (7.1.2-4)

The virtual work performed in D' coutributes the following terms at I'; S', and F'
T oo s's\T o' 'nT po' F'P\T 2 eD' | BD'FpD'
W = - (8Rp") Fpo +(6Rs”) Fsi + (8R; ") F — (8yp,”) (Mg + Rp." Fg )+
r T ! -~ ! ! ] T‘ ? - tri !
(693 °) (Mg + RS SFs )+ (8917) (M7 + RP T FP)
(7.1.2-5)
Dynamic. For dynamic perturbations about the steady-state configuration, the basic
kinematic relation is used to determine the matrices R and K¢. The basic equation

governing the displs :ement is

ED”D’ :ED”]” + ﬁ[”[! + E{'I + EISN + ES”S' + ES'S__
EFS __EF'F _ EF"F' _ EDF" _ED'D
(7.1.2-6)
ED”DO :ED”I” _+_‘RI”I' +EI’I+BIS” +ES”S' __BF’S‘_‘
EF”FI . BDF” —E[)'D
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Expressing the position of the perturbed state relative to the steady-state position in the
D basis (fig. 9), the dependent node displacement may be obtained.

" [} 1" " 13 13 ] 1 1 H 1] nogn
RB D :CDF CF F CF S CS S CS Icff R?, I +
12} " 1 ! ! ! if " gt [}
CDF CF FCFSCSS CS I(RI 1 +R11)+
T 1
" "ot ) ran " "ot
CDF'cF'F oIS’ oS S"(RET + RS, )- (7.1.2-7)
"‘ X3 " 4’ ! ] 1
CDF CF F CFSREIS +

DF” ”F' DF” D'D
CP" (Rpn" + Rpi ) - Rp
The first variation is

12 ! " 1 ! [} [ ! It n 1
6Rg D :CDF CF F CF ) CSS CS léRf I +
DF“ F”F' F’Sl 5'5” SI'S' DFI' FllF'

Falll
CDF”CF”F'CF'S'05'5”CS"IC”'ch’I“R?,:'I”+
CDF"CF"F'CF'S'ﬁcS'SH [CSH[C[’,CI'I”RIHH[”+ (71,2—8)
CS”I(R;”I, 4_ R5’1)+ Réﬁ” +R§::SI]+

lll " ' ] 13 I} 12} (43 ! it it
CDF 6CF F CFS [CSS CS Icfl CII Rg' I +

CS‘S”CS”I(R}”I' + Ri’]) + CS'S"(R{SL'S;" —+_ R:g::sl) _ Rg,’sl]
Sitilarly, the relationship governing the virtual rotation is

6¢D”D' :b¢D',I', _+_ é__,ﬁ]”[’ + @)—I’I + éﬁ]sll + élésllsl_

T T r ! "ot " ' (7'12_9)
6¢F5 —6¢FF _bwDF —6‘!/JDD
which in the D basis becomes
61/)37’07 :CDF”CFI'FICF‘S'CS’S"CS"16¢}I'II+
CDF'oF'F' oF'S' ¢S'S" 63,5 — (7.1.2-10)

" AL AL}
CPF gy ©
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The virtual work done by a force at D" is then

o T r r -~ ’ r ' I~ 1} '

=
(6 §~S> (F& + F8'05.° — c¥ 7 FR 5. "")-
(SRE.F) FE +

(o1 'Y (RV'TFP + FP'RP'T 91T C1S' RIS FR 935

" ]

CIF RO R gEF'y

(6RDIIDI)T

H I ,1 ! ! LX) ] i ’ i ’
(595,5) (RE'S'FE — c5'FP'RI"Y - FE'RS.S +

CS"ﬁ, RPGIT 4 RLIS'FD 95,5 -
CS'F RES FE 65—

(RRIF'FE —CcTTEP'RY'T — ¢TS5 FO'RE.S +
CF IFD'RD'I'H}”I' + CF'S' F"vg'R 95”5'

D'FI F” FI
FFI -R 91{” )

T

(85 )

(7.1.2-11)
and the virtual work done by a moment at D" is
n ’ T gt T " ' "
(695" ) ME" =(6pd' 1) CIS" (& — 555 )CS T (A + GEIF)MEL +
H 1 T r ! H
(693.5) (A — 65.5)CSF (A + §E.FYME) -
(6¢F11F,) AIF”
(7.1.2-12)
ot T t = r -~ [ " [
=&Y (MP' 4 1S MDD 65,5 — TP MB 6E F Y+
(6935 (ME' 4 2L 05, — CS'F iR gE Py
" ’ T
(8¢5 ") ME/
The matrices P and K¢ are
Dr DIpD'I Ds' DSs' pD'Ss’ DF’ DF' pD'F’
R— C —C"” 'R} C -CP° RS, -C CP”" Rg, (7.1.2-13)
0 CD] 0 CDS' 0 ‘CDF’

where the columns of R are associated with variations of the generalized coordinates

"yt "ot " i " ogat "o . .
SRET syl 1 §RS,S, 6v3,5, SREF', and §¢E,F' | and the rows arc associated with
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6R8::D' and 61/)3,','17'. Then,

0 0 0 —cIs'FY
0 —FP'RP'T 0 ~CIS' (RO FE + ME')
G 0 0 0 ~FY
= | esupp _csippRPT FR RS FE 1L
0 0 0 ‘ 0
-—CF'IFD, CF'IFID'RP'I' _CF'S' FS" CF'S' FSD"I}g'S'

0 cir' gD
0 CIFI(RE"I’FR' + A‘/“Ié)”l)
O CS'F‘FF,I
. (7.1.2-14)
0 CSF(RRSFE +ME)
0 0
0 —FE RRF

where the columns of K are associated with perturbations of the generalized coordinates

.oyl ozt malttel Al ARV E' PYALLE 2l . . "oyt

RL, 64,1, R3S, 63,5, RE.F', and gL, F' and the rows are associated with §RET,
1 gt " 1 H ’ [ ! r ]

oyl T, 6RZ,®, 6¢3,5, 6RELT, and oYL

7.1.3. Screw

The screw constraint describes two nodes, D and I, that are connected by a mecha-
nism that permits translation along and rotation about a single axis which is fixed in the
coordinate system of both nodes. The dependent node D will have its degrees of freedom
eliminated, while the degrees of freedom of the independent node I wil' be retained. This
constraint is available through the GRASP user interface.

To simplify the derivation, two intermediate nodes located on the screw axis ¢*°" will
be introduced (fig. 10). The “stationary” node S is rigidly connected to the independent
node I, while the “moving” node M is rigidly connected to the dependent node D. Nodes
M and S initially coincide in both position and orientation, but may translate along and
rotate about the screw axis relative to one another.
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Figure 10.  Screw constraint.

Steady-State. For the steady-state problem, the equations governing the degrees of
freedom must be developed, as well as the equation for the contribution of the force and
moment acting at D’ to those at I'. The basic displacement and orientation relationships

for the screw constraint are

B_D,D :B_D'A" +B—AI'S' +B_SI1, +_I_21’1 +£IS+BSA1 +E1\l[)
(7.1.3-1)
cD'D _oD'M' oMM oM'S' ~S'I' 7 I'I 1D

where M' indicates a node whose position and orientation relative to S’ is the same as
that of M relative to S. The position of D' relative to D in the D basis is then
RID)ID _____CDICII'C'I'S'CS'M'cM'M'cM'D'Rg:A’I' _
RBM 4 cPIoIT ol S yets 4 (7.1.3-2)

CDI(cII'R?I'I' + Rf’[ o Rfl)

where

RM'S' — ygoer (7.1.3-3)

and u is the screw displacement.
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These equations simplify somewhat since cis — ¢l's' = ¢D'M' . ¢PM - A, cM'M

. .« . . !

can be easily expressed as an Euler rotation, given the screw rotation 6 and e3$7 , the screw
Yy exp ' B ; M'

axis unit vector. The virtual displacement is then

] ) 1 ) INWii Y 44 ! ! 1 ] t
6Rg D :CDI(SCII CI S CS M CIW M CIW D Rg,hl +
! 1] ! fag! Yl ] ) ] ] !
CDICII CIS CS M 601\«1 M CM D RB'M +

’ t ot ! 1] ! '
CDI(SCII CI S efssr u+ CDICII CI S efSC'r Su-t

cPI(sc! T RS + 6RYT) (7.1.3-4)
—CPI[6RIT — (RP'™M' +uds™ + RY )67 '+
e3°" u + &1 RP'M 56
and the virtual rotation is given by
syB'P = CPI syl + efc 66) (7.1.3-5)

The virtual work at the screw connection and at I' due to a force and moment at D'
is T
(RP'TFP + MP )+

T -~ L ! 1 !
(RP™ FP' + M]")

1 T ' '
§W =(sR}") FP +(6917)

o ) (7.1.3-6)
su(e™ ) FP' + 66(er™)

Dynamic. For the dynamics of the constraint, the equations governing the degrees
of freedom are used to to find the matrices R and K¢. Consider the nodes and the screw
axis in their perturbed states (fig. 10), an infinitesimal perturbation from their steady-state
positions and orientations. The basic equations are similar to those of the steady-state case.

" ' mn (X3 IRY 41 vali " 1 pit
RDD:RDIU _+_ENM_+_EIWS +ESI+

RIIYII + RIIDI
(7.1.3-7)
5¢DHDI :6¢DHM” + 5¢A4“M” 4» 6¢M"s”+

’6_&5”!” + 6—_‘/}—1”5, + ‘6—¢IIDI

The first, third, fourth, and sixth terms are zero in both equations. Proceeding as above,
and noting that

CIIIII :A . CI'I@{”I'CII' — CIII(A _ é{”]')c]l’

oyt ' -~ aff gl T ”[' ]
scl'T — (A= §Y'T )5¢j cl! (7.1.3-8)

" oa - L noaett
sCM ™M = _ spes MM

43



the R and KG matrices are then

CDI _CDIRID'I' CDIeaIcr' CDIésIcr' RII’)')\I’
R = , (7.1.3-9)
0 CDI 0 CDIe;cr

where the columns of R are associated with the variations of the generalized coordinates
o R} I 61[)} I" §u, and 68, while the rows are associated with 6Rg D" and 51/13 b

0 0 0 0
0 . -})'}}IDI[' __é;cr' FiD' __F‘-‘ID'I-EID'A/I’e;C"'
K€ = T, (7.1.3-10)
0 —(ejm) F} 0 0
pp'M'\T zacr’ pp! A ST ,
0 M eyt e 0 —(RPM) e e FP

where the columns of K¢ are associated with the perturbations of the generalized coor-
dinates R} /', 811", 4, and 6 and the rows are associated with 6Rf' r syl !t bu, and
6.

7.14. Copy

The copy constraint describes the relationship between generalized coordinates that
are common to both parent and child subsystems, but are otherwise unconstrained. This
situation most often exists when unconstrained generalized coordinates in the child sub-
system are passed up to the parent subsystem. This constraint is not available through

the GRASP user interface.

Steady-State. From equation (7.1-1), the constraint relationship between the child
subsystem generalized coordinates g., that will be eliminated and the parent subsystem
generalized coordinates g,, that will be retained can be written as

Qe; = Gris (:=1,...,N) (7.1.4-1)

Therefore, the calculation of the contributions of these generalized coordinates to the child
subsystem state vcctor involves only copying the values of generalized coordinates from
the parent subsystem state vector into the child subsystem state vector.

The variation of g, is then
8qe, = 84r;, (t=1,...,N) (7.1.4-2)
When this expression for 8q., is substituted into equation (7.1-2), the virtual work is
N
W =Y bq,, (Qr; + Qc:) (7.1.4-3)
j=1
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Thus, to assemble the residnal vector for the parent subsystem, the contributions of these
generalized forces from the child subsystem are added to the generalized forces from the
parent systein.

Dynamic. The derivation of the constraint dynamics follows a similar vein. First,
the perturbed generalized coordinates, the variations of the generalized coordinates, and
the generalized forces are expanded in Taylor’s series.

de; = Gr;» (i =1,... ,N) (7.1.4*4)

bq., = bq,, (t=1,...,N) (7.1.4-5)

N N
Qe.' :aei + Zfe;e,-qe,' + Zze;r,- (}r,-a (l = 17' . aN)

=1

—

j:

(7.1.4-6)

N
Lye;de; + Y Loingdryy  (i=1,...,N)

j=1

Q".’ :ari +

1=

When these expressions are substituted into equation (7.1-2), and the resulting expression
simplified, the virtual work is written as

]2

N
6W = Z 6Qr,- _Q—e,' + ar; ‘+‘ (_Ee.'e,- + _L—eir)- + f"iej ‘+‘ :—L_r'-r,-) q"‘j (714—7)

t==1 1=1

Since the g., generalized coordinates exist only in the child system, and the g,, exist only in
the parent system, L., and L, arenull. The R matrix is, therefore, an identity matrix.
For small perturbations about the steady-state solution, the coefficients in the rows and
columns associated with the copied generalized coordinates in the child subsystem dynamic
matrices (M, C, and K) are simply added to coeflicients in the corresponding rows and
columns of the parent subsystem dynamic matrices. The geometric stiffness matrix KC is
null.

7.1.5. Prescribed

The prescribed constraint is used to describe the permanent deformation of a partic-
ular generalized coordinate. This constraint is trivial, because the steady-state value is
constant. In GRASP, the prescribed constraint 1s available through the user interface for
nodal degrees of freedom.

Steady-State. Following the derivation of a general constraint, consider a child
subsystem that has N€¢ gencralized coordinates Ge;st = 1,...,N¢. For this constraint, one
of thosc gencralized coordinates (e.g., ge,) has a prescribed, constant value.

ge, = constant
. (7.1.5-1)
Qe :gi(qf‘xa"',qr;vr)a (":27"'3Ne)

45



The total virtual work is

N® NT
W =) 6ge:Qe, ) bariQn,
= = (7.1.5-2)

Ne¢ NT
= Z dqeiQe, Z oqri Q.
i=2 i=1

since the variation of the prescribed generalized coordinate dqe; is zero. Therefore, this
generalized coordinate makes no contribution to the virtual work of either the child or par-
ent subsystem. In practice, degrees of freedom that are prescribed in the child subsystem
may be eliminated from the parent subsystein state vector.

Dynamic. The denivation of the dynamic constraint equations for small perturba-
tions about the steady-state solution proceeds following equations (7.1-5) through (7.1-7).
The only difference is that in equations (7.1-5) and (7.1-6), 7 = 2,...,N¢. When these
expressions are substituted into equation (7.1--2),

o By & X N
oW = X Z 6q"i (('aqg,t L O g'r q"'- + - ) (Qe.- + kzd Leiekqeu + kz‘ Lei"quh)
-2 =1

1=2 j=1 Qr,

NT N-< NT -
+ E 5‘]” Qr,- + szsq qe,’ + Z Lr.'r,' gr;
i=1 j=2 =1

(7.1.5-3)
From this equation it can be seen that the contributions to the virtual work are the
same as for the general case, with one exception. The rows of fe..e,. and fem', and the
columns of fe.-e,. and f,..ej, associated with the prescribed generalized coordinate have
been eliminated. This is equivalent to removing the appropriate rows and coluinns from
the M, C, and K matrices that are passed up to the parent subsystem.

7.1.6. Copy Air Mass

The copy air mass constraint is the constraint used to transform the air mass gener-
alized coordinates and forces between child and parent subsystems. This constraint is a
clone of the copy constraint, specialized to copy only the four air mass degrees of freedom.
Due to the fact that the air mass degrees of freedom are defined in an inertial frame, and
need never be trausiormed out of that frame, the generalized coordinates and forces are
simply copied. The copy air mass constraint is not available through the GRASP user
interface.

7.1.7. Periodic Frame

The periodic frame constraint describes the relationship between a superordinate (par-
cnt) frame S and three or more identical, child frames Fj (for k = 1,2,...,b) rigidly at-
tached to S. Frames F} are located at equally-spaced, azimuthal intervals about an axis
fixed in S (fig. 11). The origin of S is located on the axis of symnetry, while the origins
of the Fi may be located elsewhere. In GRASP, the periodic frame constraint is available
through the user interface.
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S
Figure 11.  Periodic frame constraint.

The derivation of the periodic frame constraint is very similar to that for the fixed
frame, except that it is assumed here that there are b identical frames spaced at equal
azimuthal intervals around an axis. The quantity Rls;f" is independent of k, and CFeS =

CcIST, where

T, = To + T cos ¢ + T, sin ¢y (7.1.7—1)
and where : .
1 00
Ty = 0 0
0 0 0
(0 0 0]
T.=10 1 0 (7.1.7-2)
|0 0 1]
[0 0
T,= 10 0 1
|0 -1
2m
ox = —b—(k—l), k=1,2,...,b (7.1.7-3)

The fixed frame equations can be easily modified to account for this configuration. It will

. . . . S
be assumed that the axis of symmnetry for the periodic, child frames is b, .
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Steady-State. For the steady-state problem, the equations for the deformed position
and orientation of any one of the child frames can be written as

F| F, F's' s5's F, s F!Fy pFx S
RFZ * =C" T R2, +RFZ —C"» "RF:

~CFiIS'T,RES + RS — ¢FiS' 1,05 STT 5 RS (7.1.7-4)
k

FF F's' S'ST ~SF
chbv —chS' 1.5 ST CSh

In order to make the left-hand sides independent of k, let R5,2 = Rg:f =0 and d)z's =
; S = 0. Since the right-hand sides are equivalent for all k, all Ti can be set to Ty to
simplify the equations. The virtual displacements are then

SRy =CFiS' Ty 6RES — CFiS' Tys05 ST CSFRE:S
L]
(7.1.7-5)
! ' ! ’ ) ~5’S !
=CMS T 6RES + CP S Tysy s, CSSTTCSM RIS

and the virtual rotations are

5¢F~F* = CFiS' Ty693,5 (7.1.7-6)

The virtual work at S’ due to the b sets of forces and moments acting at F, is therefore

b
Z[ 6RF"F" (™) Mﬁf]

o (7.1.7-7)
:b{( )TTCSFIF 4 (6955) [ch”lMﬁf—

(T(;I'Cs FIFFF-{I) CS STJCSF‘RQS] }

Dynamic. For small perturbations about the steady-state solution, the perturbed
position and orientation (fig. 11) of any one of the child frames Fy is

ri'e! F!'s" "ot "ot "ot (T -
RA™ =R:> + CFS' T RLS — " TS S T CSFiRy:
h * 9
(7.1.7-8)
CF'I"F"' :CF‘”S”T)CCSHS‘T’;TCS'F:
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To first order in the perturbation quantities, the virtual displacements and rotations are

. I M 2l L~ ) "ot ~5"5' ‘45" ! gt gl
bRi’:,F" :C'le s Tk |:6R§us + 6'¢75u (A - Osu )TECS Fl R?’:S ]
k k
(7.1.7-9)
Sy RSy SlS
K
. . :S”S'
Note that the geometric stiffness matrix will come from the g,  term.
After substituting into the expression for the virtual work, the matrix R 1s
CFIS"T, _(TTCSFR ™y
R = o (7.1.7-10)
0 CriS Ty
where the columns of R correspond to 6R§::S' and 5¢§::s', and the rows correspond to
éR?‘:,F" and 5¢£7, Fr  The matrix K€ is
Y *
0 0
K = b (7.1.7-11)
T SYFI'F' ~ s’ F's'
0 ;Tk CSFiF Ryt CPo T
=1

(2] '

~ LX) r p4
where the columns of K€ correspond to R%,° and 63,5, and the rows correspond to

6R1;',',F" and 6¢7£7, Fr  Por evaluation of the lower-right submatrix, it should be noted that
k r

b
S OTTO)Te = BT ()T + 3T ()T + 3T, ()T (7.1.7-12)
k=1

when the expression enclosed in parentheses is independent of k.

7.1.8. Periodic Node Demotion

Just as the periodic frame constraint is very similar in concept to the fixed frame con-
straint, the periodic node demotion constraint has a sitnilar relationship to the structural
node demotion constraint. In this case, a node belonging to a parent subsystem is repli-
cated in the child subsystem at b equally-spaced azimuthal intervals about an axis that
is fixed in the parent subsystem. The periodic node demotion constraint is not available

through the GRASP user interface.

The degrees of freedom of the b child subsystem nodes D} are expressed in terms of
the degrees of freedom of F, S, and I. To visualize this constraint, consider figure 11 and
imaginc a node I associated with frame S and a node Dy associated with each frame Fy,
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as in figure 8. The virtual work done at all nodes Dy for k = 1,2,...,b is determined at
Fi. The total virtual work is summed for £ = 1,2,...,b and determined at S and I. For

~S I
this constraint, it is assumed that the axis of symmetry is b, , and that b, also lies along
that axis.

Steady-State. The governing equations for the periodic node constraint are derived
in a similar manner to those of the structural node demotion constraint. First, let

S GRS _ ohsT, Z RS g,
(7.1.8-1)
CD,.I :CD;‘I’ _ CDIITk — CD;]'Tk
where T} is defined in equation (7.1.7-1) and (7.1.7-2). When

Fls'

F.S _
Ry —Rq

= constant

(7.1.8-2)

D, I
Rg:l =R, = constant

1]

the positions and orientations of the frames and nodes may be written as
R[L))':D.. _CDvFoFiFu oL ST, 0SS’ [CS'I(CII'T,;I’CI’D;RgzI'+
RI'Ty + RE + R3S~
F| F Rg',.F,:) (7.1.8-3)

] !
COMFR(CRPRES + Ry}
h k

CD;‘D" :CD'!I'chlllclS'CS'STg‘CsFl CF"F"' CF,:D,.

To make equation (7.1.8-3) independent of k, let Rg?' =0,C'5 = Aandlet Ty = T (all
displacements and rotations for S and I take place along or about the axis of syminetry).

The virtual displacements and rotations are required in order to calculate the virtual
work of a force and moment at Dj for all k.

6Rg:’:D" — C[‘QF,:E;Z‘;;:EFI.CF‘,:F,,CFlsTUCSS' [CS'I(CII'T(;I‘CIDIRII;E;I' N
RI"Y+ R + RIS)+
CD+F, o F\.Fu CFISTOCSS'ST/;‘;:S [CS'I(CII'T(;.I‘CIDIRg;,:I'+
RI"Y+ RY + RES)+ (7.1.8-4)
CD+FicFuFx oFiST, 055 [CS’I(E‘J);'ICII’T[;I‘CI'D;RII;;,:I'+
SR{')+ 6RES] -

—~ F!F, ’ ’
Dp.F’ L FF‘. F‘.S Fp.Fk
CPM(~byp; " CPFRREES + SR ™)
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61!)3:0* ____CDka'. CF"'F" CF;STOCSS'(CS'Iad){,I + 6¢§:5)— (7 1 8_5)
CDhF;{‘SwgéFh 1.

The virtual work due to the virtual displacements of each of the nodes D), is

: FlLFu\T D! PR T, DL 5DLFx gDl
§W = — (BRE) EDr — (S ™) (Mpr + Rt ™ Fih)+

k
' T ' '
(8RSS) ¢S STTCST PR+
1 T i D! ' [ D.F, '
(6¢,g'5) {CS ST(';I’CsFl A’IF: + [CS ST(;TCsFl CF"F"(RF,,:' h + CF"F" R§:5+

CFiFu CFISTOCSS'R:ZS)] S STTCSF Flgi )4

! T ' [ !
(6RI'1) C18' ¢S STT CSF Fpr +

' T [ ' . ! ' ' 4 U
(51/); I) <CIS CS STOT'CsFlﬂllqk + {CIS CS ST(;I‘CsFlthF,, [R;.)’,:‘Fk-F
CFUF RES | CRBCPST,05 (RES + RY )+
CF,:chFlsTOCsS'CS'IRfI] }~CIS'CS'ST(;I’CsF1FFIiL>
(7.1.8—6)

The sumnmation of terms involving the virtual displacements and rotations at S" and I'
involves only a multiplication by b. The corresponding terms at Fi need not be sumined
since only one system contributes to the virtual work there.

Dynamic. As in the case of the equations for the steady-state periodic node demotion
constraint, the derivation of the equations for the dynamics is similar to the derivation of
the structural node demotion constraint dynamic equations. In a manner similar to that
for the static equations above, let Rg‘?" — 0 and CIS' = A. Also, let

] 4 X X ] ! [X] "
chvs —cFS = oFWs =chst, = CchS T, = CcF1 S T, = constant

] 1 "yt [} ] "yt
Dl DW= cDil :CD‘ITk:C'DlITk:C'Dll Ty = constant
s g v g (7.1.8-7)
Ryt :RF’,,: = RFZ' = constant

DI RD;"I”

DpI _ _
RU,‘ _RDL Dl = constant
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The resulting equation for the matrix R is

. C DI __RgEI'CD,.I CDxS' _CD,,S'Rg‘.S'
0 C D 0 CDxs
(7.1.8-8)
—CD"F': CD"F"'R?,,‘LF
0 —CDuFy
where
C Dsl :CDnFicF{S'chs'I
cP+S —cDrFichiS'T, (7.1.8-9)

D.s' xnll [ pLr ' [ '
Rg*> =c¥hirIchiPrRM + CSIR]T + RY

H

The columns of R correspond to 6an1', 61/)11”1', ORZ,

respectively; while the rows are associated with 5Rg: Dw

’ "ot F!'p! FU'F!
S, 8., 6RF:. *, and bd}FZ, .,

and 6¢g: Dr . The coefficients of

the geometric stiffness matrix K¢ are then
6RI”[' row:

o
RI'T column: 0

H oyt

0; " column: 0

ol

R3.% column: 0
(7.1.8-10a)

62,5 column: — b(T(;rFID")_

Fy' F

R
Fl'

column: 0

Fy Fy, . T ~IF! 3D}
0}7,:' column: T, C'™ F!
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6¢'I”’ row:

"yt
RI'T column:

(1)
01 I' column:

”

Rg,, columnn:
" 1]

93,5 column:
F“F'

Rp column:
1]

F“F'

GF',’, * column:

”I'
R; column:

I!I II
0[

H 1]

RSII

H '

05!!

RE%Fh

column:
g

gFu i

column:
Y

column:

column:

column:

0

_WTT(FP RPNT, - —TT(F, Dy gDAT,

b
—Z—TT(F, IRI T,

0

- i Y - r b |
BT (RYY BT, — ST (RY BT
b gl oy ’ .
ET,T(R?" FOOT, — o(TT M)
0

T RP O DS 4 TeC P gy
1

0

0

D}y
— BTy Fy')

r =N
TkCIFlFle
1
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NSI
by g

OR

F'F,
o

row:

Rf”I' column: b(TUTFIDI‘)-

"y ~D' =D'r b - !
81 column: — bTOT(FID‘R?‘I yTo — §TCT(F1 1R? ! T

b 1]
5:r,T(sz,"*R? Y

Il I

R2.% column: b(T(;TF,D")_

(7.1.8-10d)
s'"'s! ' b ' = D!
85,. column: — bTjy (R? T FI )Tu — ETCT(R? ! FIDl JTe—
b D,I' 5D D'\~
;?‘T (RI FI ) [ b(TﬂTMI )
R?’;:F’: column: 0
h
HII:,':",'F': column: TER?"I'C[F{ ﬁF['){,l + TJ.:C'IF{]\-II,[,){,1
Rf”r column: 0
05”1' column: 0
Rﬁﬁfs' column: O
(7.1.8-10e)

II I

05.° column: 0

F”F’
RF':, * column: O
]

F”F'
HF’,‘, * column: O
3
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F‘I F’
Syt * row:
L]

trpt "D' ]
RE'T column: - FF,‘CFJTzc
1
1 ogt -D‘ 1] -Dl Il
01’ ' column: FF,‘CFIIRI S 4
1

R3S column: - FPL?{"CF;ITk (7.1.8-10f)

"ot ~ D' ) -D! Iu
93,5 column: FF;‘CFIIRI VU T

RV

column: 0
P

F\'F}, =D} =D\ F,

05 column: VFF{‘RF.
1] 1

71.9. Periodic Generalized Coordinate

A rotationally isotropic structure consists of three or more identical substructures
that are spaced around an axis of symmetry at equal azimuthal intervals. The periodic
generalized coordinate constraint exists in order to transformn generalized coordinates that
belong to the rotationally isotropic structure into the generalized coordinates for a generic
member of that structure. Additionally, it must transform generalized forces for a generic
substructure into the generalized forces for the complete structure. In one sense, i1t is
sitnply an extension of the copy constraint for perivdic structures. In GRASP, the periodic

generalized coordinate constraint is not available through the user interface.

Steady-State. The set of independent generalized coordinates for a rotationally
isotropic structure may be grouped as collective (o), cosine (g.), and sine (g,) components.
The generalized coordinates for the kth generic substructure gx may be written as

@k = qo + gc COS Pk + go SIN P (7.1.9-1)
where ¢ = 2—b”~(k —1). The variation of these coordinates is

§qr = 6qo + 8gc cos pr + 8¢, sin Ok (7.1.9-2)

Given generalized forces Qx, the total virtual work from all of the generic substructures

1s

b b b b
W =Y 6q:"Qu =0T Y Qi+ 63.7) Qrcosdr +8g,7 Y Qusingr  (7.1.9-3)
k=1 k=1 k=1 k=1



Since the generalized force of a generic structure is independent of k, Qy = Q& and

W = 5q0 TbQo (7.1.9-4)

Dynamic. The dynamic perturbations of the generalized coordinates are related in
thc same manner as the variations of the steady-state generalized coordinates.

(jk - ‘}0 + g cus ¢k + (ja sin ‘rbk (719_5)

Like the generalized forces, the substructure coefficient matrices M, C, and K are inde-

pendent of k and
W = bqx T (Mg, + Cgy + Kdi) (7.1.9-6)

The contribution to the virtual work in terms of the independent generalized coordinates

1S

do

h
w=Y" [6quT + 8gc” cos gu + 8q, " sin sﬂ [M]{ gccosdy ¢ +
=1 g, sin ¢
. éo QO
[C){ g.cosdp } +[K]< Gccosdr
&. SiIl ¢k qa Sin ¢k (7.1.9—7)

bogo” (Mo + Cgo + Kdo) + 58ac" (M4, + O + Ke)
be Tiaet o5 g
+ 5647 (Mg, + Cq, + Kq,)

The matrices for the rotationally isotropic structure therefore have three rows and columns
for every row and column in the generic substructure, and are of block diagonal structure.

7.1.10. Periodic Air Mass

The periodic air node constraint describes the transformation of the air node gener-
alized coordinates and forces between subsystems associated with periodic structures and
subsystems associated with generic substructures. Since the air node generalized coor-
dinates describe an induced airflow velocity field that is already axially syminetric, the
periodicity of the structure has no effect on them. In fact, it is assumed a priori that the
flow field is interacting with a rotating, periodic structure. This constraint is not available
from the GRASP user interface.

Steady-State. When a subsystem is periodic (in the sense that it consists of three or
more generic, periodic members such as those described under the periodic node demotion
constraint), the steady-state air node generalized coordinates U;! and ¥} are simply copied
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from the parent subsystem to the child subsystem in a manner similar to the copy air
mnass constraint. During the assembly of the generalized forces, the air node generalized
forces from a single, generic substructure are simply multiplied by b and added to the
corresponding generalized coordinates of the parent subsystem.

Dynamic. For perturbed motions, let the generalized coordinates for the kth subsys-

temn be
gk = Tky; 6q = Twbq (7.1.10-1)

where T} is as given in equation (7.1.7-1) and where

Pi, Pt
de = q?fzk ; q=q ¢12 (7.1.10-2)
s, b1
and
sPA § P
Sqr = § Sdihe ¢ 3 g = 8o, (7.1.10-3)
6¢f3k 647143

Note that ¢, and ¢ will not appear in the dynamical equations. The equations now trans-
form in exactly the same manner as the ones in the copy air mass constraint.

7.1.11.  Rotating Frame

The rotating frame constraint describes a constraint that is very much similar to the

fixed frame constraint, except that frame F'is rotating at a constant angular speed relative

-F
to frame S (fig. 12). The axis of rotation passes through the origin of F and along b,
. No time-dependent terms are retained in the equations. In GRASP, this constraint is

available through the user interface.
Steady-State. In moving to its steady-state, equilibriumn position, the axis of rotation

follows b, . The position vectors RSF and R®Y are constant in the S and S' bases,
respectively. The change in orientation is then

CF'S'(t) = T(¢)CF'5'(0) = CFH(t) = T(¢)CF(0) (7.1.11-1)

where

T(t) = To + T. cos (2t) + T, sin ((1t) (7.1.11-2)

where Ty, T., and T, are given in equations (7.1.7-2).

The kinematics for the rotating frame constraint are based on the following equations.
REF =TCF'S'(0) (RES + RS — C¥SRE®)
(7.1.11-3)
CF'F :TCF'S'(O) CS'ScSF(O) TT
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Figure 12. Rotating frame constraint.

The time-dependent terms in these equations vanish if all of the displacements and rota-

1

~F
tions of S’ relative to S are along and about b, (the axis of rotation). Therefore, let

Rpg =Rjps =0

(7.1.11-4)
L
The virtual displacements and rotations of the F' frame are then
SREF
SREF ={ =T,CT'5(0) (§RS.5 + &¢g C5 SREY)
0
(7.1.11-5)
SOE S
sEF ={ ¢ = T,CF5(0) 693, °
0
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where the use of only the T component of T eliminates the time-dependent terms.

The virtual work at S associated with the force and moment at F' yields the following

contribution at S:

! T [ 1 4 al I
§W =(6R3,5) ¢S5 F(0)Ty Ff. —
(693 5) RESCS'F(0) TT FE + (7.1.11-6)
! T [ ! !
(695.°) C¥F(0) TS Mf,

Dynamic. The position and orientation of the perturbed frame relative to the steady-
state position and orientation are related as follows:

RELF —TCF"S"(0) (RES" + RS — ©5"S' RE'S)
(7.1.11-7)
C-FVHFI :TCF”S”(O) CS“SI CS’FI(O) TT

From these equations, the virtual displacement and rotation may be obtained. To first
order in the perturbation quantities,
i "ng!

"o " et 1" ot ~S” > t ot
SREVF =1CT"S"(0) [6RE.S + 8% g0 (A —b50 RG]
(7.1.11-8)

SPELE TCF"S (0) 6955

:S“ S'
where contributions due to geometric stiffness come from the g, term. The matrix

R is

T(t)CF'S"(0) —T(t)CF'S"(0) RES

. (e s"(0) (7.1.11-9)

R =

where the columns of R correspond to R;::S' and 63,5 and the rows correspond to
SRELF and 8y, F.

Since R depends on t, the time-dependent terms must be removed from the final
transformed equations. This is easily accomplished by taking the time-averaged value
of the transformed equations. The only contributing (i.e., nonzero) terms then are the
constant terms, the cos?(2T') terms, and the sin?(2T) terms. In addition, since R depends
on t, terms from matrix M will contribute to M, C, and K in the transformed equations
and C will contribute to C and K by virtue of the following relations

. F" F' .t . s"s'
RF” R Rgﬂs Rsn
=R +R (7.1.11-10)
;F” F' H-S:: s’ __Sllsl
gpu 5 osn



. Fr R " r . s"s! . s'g’
RF’H . Rgﬂs . Rsu .RSH

=R +2R +R (7.1.11-11)
‘LF‘” F! Hvsu S; :S” Sl ':.S” Sl
Opu s 95:1 95::

K¢, the geometric stiffness matrix, is

0 0

KG: 1ot 1y~ ~ ol
0 [CSF(0)TTFE) RES

(7.1.11-12)

~ t ' pEaddd 1
where the columns of K€ correspond to R2,% and 65,5, and the rows correspond to
1 4 n !
6%, and 6.5 .

7.1.12.  Rotating Node Demotion

The rotating node demotion constraint describes the relationship between two nodes,
one of which is located in a rotating frame of reference and the other in a nonrotating frame
of reference (fig. 13). This constraint combines many of the characteristics of the rotating
frame and structural node demotion constraints. It is assumed that the child frame F is
rotating about a fixed axis at an angular speed €2, and that a dependent node D is defined
relative to that rotating frame. The parent frame S is stationary (relative to F') and an
independent node I is defined relative to S. The rotating node demotion constraint is not

available through the GRASP user interface.

Steady-State. The governing equations for the steady-state condition are similar to
those for structural node demotion except that

CFS(t) =T(t)CF90) = CF'S(t) = T(#)CF S (0) = cPLt)

. . (7.1.12-1)
=T(t)cPlo) = cP'I'(t) = T(t)cP T (0)
In addition, Rgs and R?'l' are constants, and
T(t) = Ty + T, cos(t) + T, sin(§2¢) (7.1.12-2)

The governing equations describing the deformed position and orientation of the de-
pendent node are then

RB'D :CDF'CF'FTcFS(O)CSS' [CS'I(C]I'RP"I' + Rf[) +R§-§' + Rgls]_
DF' F'F FS FS F'F DF'
CD'D :TCD,I,(O)CI'ICIS'CS’SCSF(O)TTCFF'CF'D

In order to be independent of ¢, let T = Ty and choose R?,F' = 0 and CPF' = A. Thus,
only displacemnents along and rotations of D about the axis of rotation can be nonzero.
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Figure 13.  Rotating node demotion constraint.

The virtual work at D' due to a force and a moment acting at D' is determined in terms
of the virtual displacement and rotation

' 1 ~F'F ' 1 ' ] ' ¢~ S'S
§RED = — CPF'§pp. CPFT,CPH0)CSS + CPF CFFTCFS(0)C S RES 695" +
] 1 ] ] ~,II 1 1yt ] 4
CPF CF' FT,cFS0)Cc5S [C5(8%; C'"RY'T + 8RIT) + 6RES] -

' —~F'F ' '
CPF'| — &pp CTFT,CFS0)RES + §RET]

(5‘(/)3'13 :CDFTUCFS(O)CSI(SI/)}'I ¥+ CDFTOCFS(O)CSS'6¢§:S _ CDF'éd,g:F
(7.1.12-4)
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The virtual work done at D' is then
6W = — (8RET) FR — (59 T) (MB + RETFE)+
§RES) CS'SCSF(0)T, FR +
555 [CS'SCSF0)TI MP + RR'SCS'SeSF o) TI FR' |+
TersosFo)yT, FP' +

—

T Idal r -~y ! "l It r
[c1SeFS oy rf ME + RP Tl CSH(0) T '

(7.1.12-5)

Dynamic. The governing equations are similar to those for structural node demotion
except that, as in the static case, REF = 0 and CP¥ = A. The governing equation for

the position of the perturbed dependent node i1s
ED”D, :ED”II' + _EI”II + EIII + BIS” + Es"s' + Es's_
RNS *‘RFN _RF'F _ RF”F _RDF” _RD'D
where
_ENS+£FN:E_SS+ENS+E_FN“E_FF
Solving for the dependent node displacement,
g P p
-I—Z-D”D, :ED’IIII + £1”1' _+_ EI,I + -EISN + ES”S’ . EN’S’ .
RF'N' _ RF”F' _ RDF” _ RD'D
By referring the displacements to the D basis this vector relation becomes
RD”D' :CDF”CF,’F'CF'N,CN’S'CS,S”CS”ICII CII RD”I”
CDFI'CF'IF'CF‘N,CN’SICS'S“CS”I(R%”I’ + Rf I )+
CPF'cF'F cF'N'gN'S' ¢S’ SH(RS,, + Rg::s')—
CDF' oF"F' oF'N'gN's' RII\)/ s

" nlll Al ! I all ! " alld 1 " r
cPF' e PN RN — cPF(RE.F + REY ) — Rp P

The virtual displacement is then
6Rg”D' __CI)F”CF”F'CF’NlcN'S'CS'S"CS”I&RI”I

CDF”cF”F'cF N'CN S'CS S”b‘RS”S' o CDF 6RF”F'+

CDF”cF”F"cF N'CN Slcs S”CS' IclI 6CI I”R[” I”

CDF”cF”F'CF‘N'cN'S'&cS”S [CS' [CII CI I”R?:'I”
SR ¢ RYTY 4 RIS + REIS' |4

CDF bCF F'CF N' [CN'S CS S”CS”ICII,CI I"RD"I"+
cN'S' ¢S'S" ¢S "I (RI"I' Rf Iy,
cV'S'cS'S"(RLE" + RSy - ¢V RY'S - RGN
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(7.1.12-6)

(7.1.12-7)

(7.1.12-8)

(7.1.12-9)

(7.1.12-10)



and the virtual work done by the force at D' is

H ' T oyt T ? (N nll ’ 4 L L} ro- 1 gt "t
(5RD'P') FD' =(RL'T) [c™N N FR + TV (CN T FR) cNo65.% -

! ! r ~ ! L I
CIN'CeNF FR 65" |+
T

(6RS,S) [CSN' N FR + CS'N'(CN'F FRY NS85, -

O N ON'F FRgELF |-

(SRELF'Y FE +

(61/)}"1')T[CIN'Rg"I'CN'F' F{?)r’ + CIN'(CN'F'FD')'CN'I'I}D'I'HI"I'+
CIN'RD'I'(cN'F'FF,')_CN'S'OE::S' CIN'RD I CN F'FFL')' H;::I”']

(51/)§:,'5')T[CS N' DI CN'F' FR CS’N'(CN'F' F2 TN R
cS'N'(cN'F' FRY eV RS, +
CS,N'(CN’F'FF,')-CN,II}ID'I'O}”II+
CS'N'RD'I'(CN'F'FB')'CN'S'0§::S'_
cS N'RD s'oN'F' FL HF"F']_

(swEnF) I(CT Y RRF) FR — FRICTN VIR -
FD CEN' CN'S RS.S + FR TN CNIRPT O 1

~ ’ ,I ] ot =~ 4 ! 1" I - ! ‘l ! ! ! -~ ,H all
FR PN CN'S RE'S'95,5 — FR(CTN RR.F) 6L, F)

(7.1.12-11)
The virtual rotations can be easily obtained from the variation of the direction cosine
relation
6CD”DI :_CD”D'CD’DE;-LIL;”D’CDD,

:CDMIuacIHI'CIIICISHCSHSICSINICNIFICFIF!ICFNDCDDI+ (7'1‘12_12)
CD”I”CI”I'CI’ICIS”&CS”S'CS,N'CN,F' CFIFIICFIIDCDDI+

CD”I”CI”I'CI‘ICIS”CS”S’CS'N'CN’F’6CF'F”CF”DCDD’

thus yielding

"y "ogt
~ S5

L _ " 12 II~F”F' t
op = cD’w "oty ops §hon CS'P —CPF 6y, CHP (7.1.12-13)
Upon removal of the tilde the virtual rotations are

" ! [ L nlJ all ! [Vl P ot "oyl
61/][) D ____CDF CF I"CT'NCNSCSS CS I(S’(ZJI I

" 1o (BN r ! t r "ot (7112—-14)
CDF CF r CF'N CNS CSS 61/)5” o CDF 6¢’F"F
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and the virtual work done by the moment is

(6682 ME =(69"") €15 (A - §5.5)CS N CN'F (& + §EF Y ME +

(E95.5)"

I

rH ! ! ! I ! T
(A - 85.5)CSN' N F(A + 65,7 \MB, - (svE.F') MB,

—(6p]"T) [V N ME 4 IV (CN'F ME' ) eN'S 9SS

CIN' CN'F pfD gE F' |+
(645.S') (SN ENF ME 4 oSN (CV'F ME' ) V'S 9SS
CS'N'ON'F R gk F' -
(S9EF) ME
(7.1.12-15)

since CF'N' = T let CN'S' = CF'S' as in the structural node demotion constraint. The
time-dependent terms can be eliminated when RPF" = 0 and CPF = A.

Combining the virtual work due to the force and the moment at D", the matrix R
can then be calculated.

. CDF’TCF'I _CDF'TCF'I}'ZID'I' CDF'TCF'S'
B 0 CPF' TCF'! 0

(7.1.12-16)
__CDF'TCF'S'RE"S' _CDF' 0
CDF' TcF’s’ 0 _CDF'

where the columns of R are associated with 6RI“I' 51&1”1' 6R§::S', 51/)_‘2,':5', 6R§::F, and
61,/JF,. F' respectively; and the rows correspond to 6RD D' and 6¢BND'. The coefficients of
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the matrix K C are

”IIT

§R; row:
ot
Rf I' column: 0
sl
0} I' column: 0
RS”SI l 0
S columi: (71.12—17&)
1" ot ! N~ ' gt
Hg,,s column: - C!F (TTFIQ ) cts
"l +f
RE,,F column: 0
"ot ’ =D’
GE,,F column: CIF TTF,R
T
51/;} " row:

I” Il
R; ' column: 0

01”1' column: —CIF'(TTFF,‘) cF1

1" Q!

R%,5 column: 0 (7.1.12-17h)
65,5 column: — [RP'TCI(TTFR') + ciF(rTMB) 1cF'S
Rf:: " column: 0

" '

95.,F column: f{?'I'CIF'TTFI?,' + CIF'TTNII?,'



" IT
§R%.S

oy

S”S' T

S

TOW:

TOwW!

" or

RI'T column: 0

"ot
0} I" column: 0

1" 1

§'Ss .
Rg.” column: 0 (7.1.12-17¢)

" g ' ’ 1~ gt
82,5 column: —CSF(TTFR)y cF'S

LX) 4

RELF column: 0

[ 1 f ’ -~ r
0L, F column: CSF TTRFD

RI"T" column: CS'F'(TTFBI)~CF'I

01" column: — CS'FI(TTFFQ’)-CF'I

r !

R%.% column: CSF(TTFEY 'S (7.1.12-17d)

4 r

03, column: — [ﬁng'CSIF'(TTFB')- + CS'F'(TTAIII,Q),')—]CF’S’

" ’

RELT column: 0

"

t o 1 ot ¥ ] -~ ] r 4 -~ !
0L, column: RD'S'CSF TTFE +CS'F TTME
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" IT
§RELF

" IT
syE.F

row:

row:

gt
RI'T column: 0

oyt
0; ' column: ©

4} t

R2.% column: 0 (7.1.12-17¢)

i

t
Bgus column: O
PVVIFI
Ryw® column: 0

" ’
65, F column: 0

oyt

RI'T column:  — FE'rcf!
oyt - ' t -~ trt
91" column: FR TCHIRP!

" gt

s"s . D' F's'
Rsu (:Olunln. — FFI TC (7'1.12_17{‘)
03::51 column: FE'TCF'SIR?,'S'

‘H !
RE.T

column: 0

gl
9L, " column: 0

7.1.13. Rotating Generalized Coordinates

The rotating generalized coordinate constraint relates generalized ~vordinates in one
subsystem to the corresponding generalized coordinates in another subsystem that is ro-
tating at constant angular speed relative to the first. This constraint is often applied to
subsystems that contain periodic structures. This constraint is not available through the
GRASP user interface.

Steady-State.

coordinates is

where

The general form of the transformation from rotating to nonrotating

gr = Tqn (7.1.13-1)

T =T, + T.cosQt + T, sin St (7.1.13-2)
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and qp is a set of generalized coordinates in the rotating subsystem that corresponds to a
set of gn generalized coordinates in the nonrotating subsystem.

In order to make the transformation equations independent of time, let T = T, and
§qrT = Tyéqn. This eliminates any generalized forces of the lateral (cosine or sine) type.

Then, the virtual work 1s
§W = qrQr = Ty Qr (7.1.13-3)

Dynamic. In the rotating system, the virtual work can be written as

§W = §h(Mrig + Crig + Krdr) (7.1.13-4)
where
gr =Tqn
ir =Tdn + Ty (7.1.13-5)

in =Tin + 2T§N + Ty

Substituting these relations into equation (7.1.13-4), the virtual work can be obtained in
terms of the generalized coordinates of the nonrotating system.

sW — GETT |MpTéy + (CrT + 2MgT)jy + (KT + CrT + MpT)in|  (7.1.13-6)

Thus, the Cn coefficient matrix (in the nonrotating system) depends on Cr and Mg, and
Ky depends on Kg, Cg, and Mp.

7.1.14. Rotating Air Mass

The rotating air mass constraint transforms the air node generalized coordinates and
their associated generalized forces between a rotating subsystem and a nonrotating sub-
system. As in the other air mass constraints, the air node generalized coordinates are not
transformed out of the inertial frame of reference. The rotating air mass constraint is not
available throught the user interface in GRASP.

Steady-State. osince only U{* and 7{! are valid coordinates in the steady-state prob-
lem, and both are rotationally symmetric, they are treated in exactly the same manner as
in the copy air mass constraint.

Dynamic. For a set of dynamically perturbed air node generalized coordinates, let

P, P
‘jR = vﬁzn ; 6qR = 6(17342}2 (7.1.14—-1)
¢]3H 6¢13R
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and

H A S PA
3 “IN ‘L]‘N
gn =4 dian ¢35 bav = 89w (7.1.14-2)
Pisn §¢isn
Then
dr =Tqn
dr =Tin (7.1.14-3)
r =Tin + Tdn
The virtual work for the rotating subsystem is
§W = dp(Mip + Cigr) (7.1.14-4)

which, when transformed into the nonrotating subsystem, becomes
§W = LT [(MT&N +(CT + MT){jN] (7.1.14-5)

The C coefficient matrix for the transformed (nonrotating) subsystem therefore depends
on the M and C coefficient matrices from the original (rotating) subsystem.

7.2. Composite Constraints

In general, a composite constraint is a constraint that is built np out of one or more of
the primitive constraints that have been described in the previous sections. The bundling
of primitive constraints into a single constraint is primarily done for the convenience of the
user. There arc many times that sets of constraints must be used together, and it makes
sense to combine them internally. In the following sections, the composite constraints that
have been constructed from the set of primitive constraints in GRASP will be described.
All of the composite constraints are available from the GRASP user interface.

7.9.1. Aeroelastic Beam Connectivity

The purpose of the aeroelastic beam connectivity constraint is to provide a means for
attaching an acroelastic beam element to a GRASP model. The element subsystem for
the acroelastic beam consists of a frame of reference, a root node, a tip node, and an air
node, all of which must be connected to their counterparts in the existing portion of the
model. Therefore, the aeroelastic beam connectivity constraint must contain a fixed-frame
constraint (for the frame), two structural node demotion constraints (for the root and tip
nodes), and a copy air mass constraint (for the air node).

In the definition of the aeroelastic beam connectivity constraint, the position and
orientation of the dependent, element root node R relative to an existing, independent node
I must be provided. The position and orientation of I relative to its subsystem frame of
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reference (the superordinate frame Sp) is known from the definition of Ip. Therefore, the
position and orientation of the dependent, root node relative to the superordinate frame

can be calculated.
CRSn :CRIRCIRSR

(7.2.1-1)
RgSr —CSrInpRIn | RinSe

After locating the parent subsystem of the element subsystem in the system organization
tree, the position and orientation of the parent frame relative to the superordinate frame
can be calculated. Since the element frame and the element root node are coincident,
the position and orientation of the element frame relative to its parent frame can then be
deterinined.

CFP :CRP — CRSRCSRP

(7.2.1-2)
FP RP pPs RS SrP
Rp" =Rp" = C"°"(Rg" + R

With tlis information, the fixed-frame constraint can be defined. In addition, all of the
position and orientation information is available to define the structural node demotion
constraint for the clement root node. In those cases where the superordinate frame is
not the same as the parent frame, it is necessary to create copies of the independent and
element root nodes in each of the subsystemns leading to their nearest common ancestor.
These nodes are chained together by a series of structural node demotion constraints.

The position of the element tip node T relative to the root node is defined as RTF =

fé;{, and the orientation CT# is defined as an Euler rotation of magnitude 8'¢ about Qf
After the position and orientation of the root node relative to the independent tip node
I has been calculated, the offset of the element tip node from the independent tip node
can be determined.

Ry =C'r57(CSTRRRR 4+ REST — REST)
(7.2.1-3)
cTir :CTRCRSTCSTIT

At this point, the structural node demotion constraint for the element tip node can be
defined. In those cases where the superordinate frame is not the same as the parent
frame, it is necessu.y to create copies of the independent and element tip nodes in each of
the subsystems leading to their nearest common ancestor. This creates another chain of
structural nodes, all connected together by structural node demotion constraints.

If the beam element is to be connected to an air mass element, the position and
orientation of the element subsystem relative to the corresponding air node is calculated.
Then, the copy air mass constraint is defined. In those cases where the air node is not
defined in the parent frame, it is necessary to create copies of the independent and element
air nodes in each of the subsystems leading to their nearest common ancestor. This creates
a chain of air nodes, all connected together by copy air mass constraints. If, however, the
beam clement is not to be connected to an air mass element, the four nodal air mass
degrees of freedom are constrained out using prescribed constraints.
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7.2.2.  Air Mass Connectivity

The purpose of the air mass connectivity constraint is to provide a means for attaching
an air mass element to a GRASP model. The air mass element subsystem is unusual 1n
that the frame serves only to establish the position and orientation of the element relative
to the remainder of the model. Therefore, while the frame does exist and does need a
frame constraint, it has no frame degrees of freedom. The air mass connectivity constraint
is then made up of a fixed-frame constraint, a copy air mass constraint, and one or more

prescribed constraints.

In the air mass connectivity constraint it is assumed that the independent air node I,
the dependent (element) air node A, and the element frame F are all coincident.

CTA :CAF - A
(7.2.2-1)

After locating the parent of the element subsystem, the position and orientation of the
parent frame relative to the superordinate frame can be calculated. Since the position and
orientation of the independent air node relative to its subsystem frame (the superordinate
frame S) is known, the position and orientation of the element frame relative to the parent
frame can also be calculated.

CFP _cIP _ o15CSP
(7.2.2-2)
RE? <RYY = Cos(BYS + BS")

Thesec expressions provide the information necessary to define the fixed-frame con-
straint. In addition, the copy air mass constraint can be defined at this time. In those
cases where the superordinate frame is not the same as the parent frame, it is necessary to
create copies of the independent and element air nodes in each of the subsystems leading
to their nearest common ancestor. These additional air nodes are also connected together

using copy air mass constraints.

If the model containing the air mass connectivity constraint is tc be used in a steady-
state problem, the two cyclic air node degrees of freedom are meaningless. Therefore, they
must be eliminated by defining two prescribed constraints in the superordinate subsystem.
If, on the other hand, the model is to be used in an eigensolution, the gradient degree of
freedom is meaningless. A single prescribed constraint is then defined in the superordinate

subsystem.
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7.2.3.  Periodic Structure

The purpose of the periodic structure constraint is to provide a simple means for
creating an axially symmetric structure. This is accomplished by replicating a single branch
of the model at equal azimuth angles about an axis of symmetry. For this constraint, the
parent subsystem represents the assembled periodic structure and the child subsystem
represents a single component. The periodic structure constraint consists of one or more
of the following: a periodic node demotion constraint, a periodic generalized coordinatc
constraint, and a periodic air mass constraint. Note that the periodic frame constraint
must be defined separately.

When there are nodes in the component, periodic node demotion constraints are
needed to transforin themn into the assembled structure. If the independent node corre-
sponding to a dependent node (in the component) does not exist in the parent subsystem,
a string of images of the independent node are created in the intervening subsystems and
chained together with structural node demotion constraints. Similarly, if the dependent
node does not exist in the child subsystem, a string of images of that node are created
and chained together. Since the independent node (or its image) now exists in the parent
subsystem and the dependent node (or its image) exists in the child subsystem, a periodic

node demotion constraint can be defined.

One or more periodic generalized coordinate constraints are needed if there are gen-
eralized coordinates in the child subsystem. Similarly, one or more periodic air mass
constraints are nceded if there are air nodes in the component. A process identical to that
uscd to connect structural nodes is used if the dependent and independent air nodes are
not in the child and parent subsystems, respectively.

7.2.4. Rigid-body Connection

The purpose of the rigid-body connection constraint is to provide a simple means for
connecting two nodes together rigidly. It is actually a special case of the screw constraint
in which the translation and rotation degrees of freedom are both locked.

7.2.5. Rigid-body Mass Connectivity

The purpose of the rigid-body mass connectivity constraint is to provide a means
for attaching a rigid-body mass element to a GRASP model. The element subsystem
consists of a frame ot reference and a center-of-mass node, both of which must be connected
to their counterparts in the existing portion of the model. Therefore, the rigid-body
mass connectivity constraint is made up of a fixed-frame constraint and a structural node

demotion constraint.

In the definition of the rigid-body mass connectivity constraint, the position and
orientation of the dependent, element center-of-mass node C relative to an independent,
existing node I is provided. The position and orientation of the independent node relative
to its subsystem frame of reference (the superordinate frame S) is also known. Then, the
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position and orientation of the center-of-mass node relative to the superordinate frame can

be written.

CC’S :CCIcls

RgS :CSIR?I + RéS

After locating the parent subsystem of the element subsystem in the system organization
tree, the position and orientation of the parent frame relative to the superordinate frame
can be calculated. Since the element frame and the element center-of-mass node are
coincident, the position and orientation of the element frame relative to its parent frame

can then be determined.

CFP :CCP — CCSCSP
(7.2.5-2)
RE” RSP - CPI(RE® + RY)

With this information, the fixed-frame constraint can be defined. In addition, all of the
position and orientation information is available to define the structural node demotion
constraint for the center-of-mass node. In those cases where the superordinate frame is
not the same as the parent frame, it is necessary to create copies of the independent and
element center-of-mass nodes in each of the subsystems leading to their nearest common
ancestor. These nodes are chained together using a series of structural node demotion

constraints.

7.2.6. Rotating Structure

The purpose of the rotating structure constraint is to provide a simple means for allow-
ing one subsystem to rotate relative to another. For this constraint, the parent subsystem
represents the nonrotating structure, while the child subsystem represents a rotating struc-
ture. The rotating structure constraint consists of one or more of the following: a rotating
node demotion constraint, a rotating generalized coordinate constraint, and a rotating air
mass constraint. Note that the rotating frame constraint must be defined separately.

When there are nodes in the rotating subsystem, rotating node demotion constraints
are needed to transform them into the nonrotating subsystem. If the independent node
corresponding to a dependent node (in the rotating subsystem) does not exist in the parent
subsystem, a string of images of the independent node are created in the intervening
subsystems and chained together with structural node demotion constraints. Similarly, if
the dependent node does not exist in the rotating subsystem, a string of images of that
node are created and chained together. Since the independent node (or its image) now
exists in the parent subsystem and the dependent node (or its image) exists in the child
subsystem, a rotating node demotion constraint can be defined.

One or more rotating generalized coordinate constraints are needed if there are gen-
eralized coordinates in the child subsystem. Similarly, one or more rotating air mass
constraints are needed if there are air nodes in the component. A process identical to that
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used to connect structural nodes is used if the dependent and independent air nodes are
not in the child and parent subsystems, respectively.
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8. ELEMENTS

The GRASP element library currently contains three elements, the aeroelastic beam,
the air mass, and the rigid-body mass.

8.1. Rigid-Body Mass
In GRASP, rigid bodies are modeled as being influenced only by inertial and gravita-
tional forces.

For the purposes of modeling the motion of a rigid body in an inertial and (possibly)
gravitational field, consider a rigid-body mass element B that has an inertia dyadic I.
Steady-State. The rigid-body mass element (fig. 14) has a body-fixed node N and

a
frame of reference F.. Node N is initially coincident with the deformed frame F' (_EF’N =0
and CF'N — A). The virtual work at the deformed node N’ is

oW :ENI . IM,N'I _+_AI—N' .%N'I (81_1)

from which nodal forces and moments can be derived. The nodal virtual displacment and
rotation variables for this element are SRY ™ and 6y N N, respectively.

The inertial virtual displacement and rotation of the deformed node N' are

!

IQBN'I — I&_RiFII+é1_/)_FII XEN‘N+ N&RNN

(8.1-2)
@N'l :%N’N +§£NF' +£1£F'1
The force acting on the body at N' is
FN' = —maAN'! 4 mg (8.1-3)
where the inertial acceleration of N' is
AN’I :AF'I +QF’I x (QF’I v EN'N) (8.1-4)

Substituting equation (8.1-4) into equation (8.1-3), and transforming from the body-fixed
(N) coordinate system into the deformed-frame (F') system,

FY —m{an - AET - AETAETRY™)
(8.1-5)
=m(gp — AL — QE,IQE:IR% N)



Figure 14. Rigid-body mass element.

The moment acting on the body at N' is
MM = gV x oMY (8.1-6)
where the inertial angular momentum at N' is
HN'T = .Mt (8.1-7)
and the inertial angular velocity at N' is
QN'I — QN'N + QNF, +QF'I (81—8)

Substituting, )
MY = Y 1af! (8.1-9)

’ 1
where H,’,Y. F— QU
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The frame force and moment components can be derived in a similar manner. If the
frame virtual displacements and rotations are SREF and ¢ EF, respectively,

FE = cF'NFY
= FY
(8.1-10)
ME = MY + RN NEY
= MY - FY'RY'Y

Dynamics. Assuming that the rigid-body mass node is perturbed from its steady-
state position (fig. 14), the virtual work at the node may be expressed as

LA T 12 r T "
§W = 6RN'T"FY" + 64N T My (8.1-11)

wlere the force and moment are

FY' = - mAN"! + mgn
(8.1-12)
A/IN” _ INQ%“I + H-'IIyHIQ%”I
the angular momentum is
HY'T = Iy0} (8.1-13)
and the inertial angular velocity is
QNI = b L af"N 4 PPkt (8.1-14)
The virtual displacement is then
. rn il ’ " ! ~F”F' ~ r ] ~ " L
SRY"T = 6REVE 4 6RN'N' 1 8¢pn (REST + RN + RY ™) (8.1-15)
and the virtual rotation is
sy = sy En 4 syN N (8.1-16)

(i



The inertial acceleration of the node is
1] ' ~ gl =t i '&F”F’ F”F' ';N”N' 'F”FI
ANT ZAE T L QEIQEIRN'N 4 b " RN'NG. LRy +20E Rp, -
N . o - , _ - LF'F'

(RN NQET 4 (QEIRN'NY + QE RN Mbp, +

2051k, + QEIQEIRENE

[fiﬁf’ - (fzﬁ,’R% Ny QF. — ﬂ,’?.’ﬁ%’”ﬁﬁj’]é,’;::F'Jr

QL IO T RNTN

(8.1—17)

and the components of the gravitational acceleration are

II l

gn = g + gr g, (8.1-18)

The comnponents of the inertia dyadic in the nodal basis can be expressed in matrix
form as N
- ”N, "NI'NI
IN=(A+8y YCVNINeCVN(A -6y ) (8.1-19)

Finally, the angular acceleration is

NG <F"F'  <N"N' Y S 4 . .N"N'
aN'N =8, +8y  + QB4 +QRI4, (8.1-20)

The force and moment can then be obtained from the substitution of equations (8.1-
12) through (8.1-20) into (8.1-11). When the virtual work is calculated, it consists of the
same steady-state residuals {Q} as were obtained in the previous section, in addition to
the virtual work associated with the coefficient matrices [M], [C], and [K].

. F'F' (L F'F
smgr T | R e i
W = ﬁﬁ’;’:.,w ST73R SLAMR SR TeI R L A SN g zzF""'"N -9
SN oo e o
o (0N Y

(8.1-21)
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where the M coefficient matrix is defined to be

X bt gt
bR;I!F Tow:
- F”F’
Rp, column: m

LENE!
: . . BN'N
8p, column: mRy (8.1-22a)

- NHNI
Ry column: m

“NU'N
6  column: 0

" r
ETIJEHF row:
. FUE' o
Rp,  column: mRYN

< F"F ~ ngt ~ ns! ' '
O column: — mRN'NRN'N + ¢V wCN' N
F NN N (8.1-22b)
- NUN' o
Ry column: mRN
':NHN ' '
6y  column: CNN' INnCN' N
1 f
SRY'N' row:
. F”FI
Ry column: m
~;F”F' e
p, column: —mRNY
F N (8.1-22c¢)
.- N”N’
Ry column: m
_:NHN

fn column: 0
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[ ’
61/)1’:,/ N row:

- FI'F'
Rg.  column: 0

'_PV’IFI , ,
é N . CNN " N'N
F column IneC (8.1-22d)

. N”N'
Ry column: 0

"N”N
- 1 !
fy column: CVNInCNN

the C coeffictent matrix is defined to be

1" 1
6R£,.F Tow:

. FIIFI
~ -~ ]
Rp.  column: 2m0L.!

-F"F' ~ ply ~ prf
fp. column: —2mOL RN (8.1-23a)

. NUN' 5 F'l
Ry column: 2mQy,

. N”N
fn column: 0

61/)FHF Tow:
. FU ' e
Rpi  column: 2mRNNQOE!

LF“F‘ -~ ' - oy - ] ' ' ] -
fp  column: — 2mRNVQETRNYN _(cVN InuCNNQET) 4

CNN' " N'N'F:I 'F:I NN' " N'N

. N”N'
~ ~ ’ ot ’
Ry column: 2mRY VML

'-N”N ~ v ’ ' ' ' ' ~
8y  column: QLICNN InuCNN _(CNN IneCNNQED 4

L3 ' -~ '
CNN' [y, CN'NQET
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" !
6R% N tow:

6¢%”N'

row.

. FIIFI
Rg,  column:

. F”F’
fpn  columu:

. NIINI

Ry column:

. N”N
6y  column:

. FII FV
R,  column:

. F”F’
8pn  column:

< NIIN'

Ry column:

.N"N
fn  column:

~ gt
ZngI

~ gty = ATt
omQE RN

~ gt
ZmemI

] ] - ' et ’ ! 13
CcNN INHCN Nﬂgyl + Qg;ICNN INHCN N_

(CNN'IN”CN’NS'l;::I)'.

(8.1-23c)

(8.1-23d)

QEICNN InuCN'N — (CVN IneCVNOET)

' NN
CNN INHCN Nng'l

and the K coefficient matrix is defined to be

SR

F’I FI
j ol

Tow:

N ol ol
Rp.” column:

b nlld nll
6%, F column:

- 11 !
R% N column:

~ "
g%~ column:

mQL IO

mlALT ~ g — (RETRYN) QR

af rRN N O
AF' IQFE'T
mﬂp. QF’

0
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" FI
0Ypn’ row:
VF”F, -~ 1 - ~ 1 -~ ' ! -
Rin™ column:  —m[AL — gp + (AR TQEIRNNY -

- ] ~ Py~ t
RY M OEQLT

GF'" F' . DN'N[ iF'I - AF'I pN'Ny\"QF'

OF" column: mRN [AF‘ — gF' — (QF' RN ) ercl—
-~ ' ~ 1 -~ ' - ! 1] ] - '
QELIRYNOE + Qb 1NN Inu N NQE T

(CNN'IN”CN'NQ;:I)'Q;:I (8.1-24b)

~ " ' ~ gt - ~ 1] -~ ' -
RN column:  — m[AL! — g + (QEIQEIRNNY -

RYNQLIQE

- " ] - ’ 1 ] - !
()% N column: Qg.ICNN INuCN Nﬂg,l—

REI(ONN Iy, OV NQET)”
§RN'N' row:

- r ! ~ ! -~ !
REwE column: mQE QL]

GF'" F' . AF' T - AF'TpN'N\"QF'T
fp.” column: ml[Ap" — gp — (e Ry ") Qp'—

NF'IBN'NAF'T I S
R,NVHN' column: mflﬂ'ﬁﬁj
éN"N column: 0
6¢,’3”N' row:
RE::F' column: 0
0;.,‘7 column: flf»:ICNN'INuCN'Nﬂg:I-
CNN'I ”CN'NQF:I --F:I
( N F) S (8.1-24d)

~ n 1

RY'N column: 0

~ " Il 1 1 1 - r

On N column: QE,ICNN InnCY Nﬂ;.l~
SF'I(AN'N N'NQF'I\~
QFI (C IN”C QF' )
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8.2. Air Mass

The air mass element models the momentuin flow of air through a helicopter rotor
disk. For this element, the rotor is assumed to be an actuator disk, and the flow field a
cylindrical region surrounding the disk (fig. 15). The state vector for the air mass element
is made up of the generalized coordinates for a single air node.

Actuator
disk plane

Figure 15.  Air mass element flow field.

Steady-State. Consider the air flowing steadily through a rotor. Reference 22 shows
that the thrust dT acting on a differential annulus of the rotor (fig. 16) is related to the
induced velocity v via a momentum balance such that

dT = 4npgrv |V + v| dr (8.2-1)

where r is the radial coordinate of the rotor and V is the velocity of the rotor relative to
still air (V is positive when the rotor is moving in the positive z, direction). The use of
the absolute value of the sum of the velocities V + v assures that the differential thrust dT
has the proper sign under all operating conditions. Integrating, the total rotor thrust is

R
T = 47rpa/ v|V +v|rdr (8.2-2)
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Figure 16.  Air mass element differential annulus.

The virtual work done by the thrust on the air is
R
W = dmp, / v6R|V + v|rdr (8.2-3)

where §R is the virtual displacement of the air. The right-hand side of the equation for
the virtual work can be discretized by letting v = U#A +Ar and §R = 6P +ré¢7'.. Then

R
W —dnp, / (TP +37Ar) |V + T2 +53{r] (8P +rbg 1 )r dr

R
ortims, [0 558 e2-0

VU8 + '_hAr"l rdr+
R
5¢;‘,47rp,,/ (U +3r) |V + U + 3fir| r2 dr

Note that while tL: coefficient of § P! in equation (8.2-4) is equal to the rotor thrust, the
coeflicient of §¢#: has the dimensions of moment but no clear physical significance.

The contributions to the §W (applied loads) side of equation (8.2-4) are determined
from blade element theory, and are obtained by summing the contributions from each of
the aeroelastic beam elements that make up the rotor.

Dynamic. Simple models for the induced inflow dynamics, such as the one introduced
in reference 23, have been shown to improve the accuracy of mathematical models of heli-
copter rotor dynamics. The velocity of the air mass is idealized as consisting of a spatially
and temporally uniform freestream velocity V, which is augmented within a cylindrical
region by the steady-state inflow U;! induced by the rotor steady-state thrust, and by the
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infinitesimal dynamic perturbations to the inflow induced by dynamic perturbations to the
thrust, roll moment, and pitch moment of the rotor.

For a differential annulus of a rotor disk through which air is flowing unsteadily,
the momentum balance can be expressed as a system of first-order, integro-differential
equations.

R 27
2% :/ / 2p,v |V + v| 8P dyp dr+
€ 0

(8.27»5)
///pai) §P dVogq
Veff

In order to intermix the air mass terms with the structural generalized coordinates in
a single set of second-order equations, the perturbed air mass generalized velocities are
expressed as the time derivatives of generalized coordinates.

_ A A <A
v=Uf+ FAr + P, — ¢yprsiny + ¢yarcos Y (8.2-6)

LA
where P, is the vertical component of the perturbation of the induced inflow velocity

component at the center of flow, (ﬁfz and (;3;43 are the flow gradients at the center of flow
in the zy and x5 directions, respectively, and ¥ is the azimuthal coordinate of the rotor,
measured as a right handed rotation about the z; axis from the z3 axis. The flow direction
is assumed to be positive along the z, axis.

In addition, virtual displacement of the air inside the cylindrical flow field is assumed
to be

§P = 6P — bpfhrsiny + 8giyr cos (8.2-7)

where 6P is the vertical virtual displacement of the air at the center of flow, and §¢7,
and 8§47 are the cyclic virtual displacement components at the center of flow.

Now, consider the expression v|V + v|, where v = ¥ + #(t). In seeking the linearized
perturbation of such an expression, if V + ¢ = 0 then v|V +v| = (0 + 9)|9]. Since there is
10 linear contribution in this expression, it may be assumned to be zero. Now, define

+1 fora >0
sgn(a) = 0 fora=0 (8.2-8)
-1 fora <0
Then,
vV 4ol =[(V+8)7 + (V +20)5]sgn(V + 7) (8.2-9)
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Since only the linear perturbation dynamics are pertinent to this problem, the contri-
bution of the change in momentum per unit area term from equation (8.2-5) is

R 2m A A LA
/ / 2par(V + 20)sgn(V + 5)(P; — dyprsin g + dyyreos P)(6P +
e JO

5¢f2rsin1/) + 6¢f3rcos Y)dypdr =

R A 2 .A A
/ dmpar(V + 26)sgn(V + ) [P, 6P + %—(¢126¢;“2 + 13801)] dr = (8.2-10)

LA R
P, 6P} 47rpa/ (V + 20)sgn(V + o)rdr+

LA -A R
21 pu(Bipbts + Brybdls) / (V' + 28)sga(V + 5)r° dr

The contribution of the volume term from equation (8.2-5) is the virtual mass-virtual
inertia effect as calculated in reference 23.

8p, A 16p, A A
(R — )P, 6P + L (R - €)($1260; + $136011) (8.:2-11)

From this development, the coefficient matrix for the generalized accelerations may
be defined to be

1-(<) 0 0
) 8paR3 (R) 2 2 &b .
M = 3 I_SR (1 — 72—,—) ) 0 ) (8'2—12)
0 /(1 - £)

and the coefficient matrix for the generalized velocities may be defined to be

2‘/':i grdr 0 0
C = 27rp,, 0 feR gr3 dr 0 (8.2—13)
0 0 LR grddr

where g = (V + 26)sgn(V + @) and & = U + r7{.

To eliminate all periodic coefficients in the equations of motion, and to assure the
existence of a steady-state solution, the air mass element degrees of freedom must be
inertial. In addition, the flow direction must be coincident with the steady-state spin axis
of the rotor and the gravity vector, if gravity is included in the model.
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8.3. Aeroelastic Beam

The aervelastic beam element is designed to model a beam undergoing small strains
and large rotations, and for which shear deformation and warping rigidity may be ignored.
A model of this type is developed in reference 24, which formulates the nonlinear beam
kinematics and applies them to the dynamic analysis of a pretwisted, rotating beam el-
ement. The kinematic relations that describe the orientation of the crouss section during
deformation are simplified by systematically ignoring the extensional strain compared to
unity. The only restriction on the magnitudes of the orientation angles used in describing
the cross section oricntation is that they remain less than 90° . All influences of warp other
than warping rigidity are retained. The beam cross section is not allowed to deform in its
own plane. The static equations from reference 24 are used without simplification; the dy-
namical equations are linearized relative to static equilibrium. One noteworthy feature of
the derivation of the equations in reference 24 is that the common practice of using an or-
dering scheme has been abandoned. Thus, all higher-order terms (within the assutuptions
above) are retained.

In the following sections, the details of the derivation of the equations for the aeroelas-
tic beam element are presented. First, a synopsis of the basis under which the governing
equations of the beam are derived is given. Next, the equations of motion for the beam
element are derived in terms of the frame, air, bending, extension, and torsion degrees of
freedom. These equations include contributions from beamn elasticity, inertial and gravi-
tational forces, and aerodynamic forces. Then, the discretization of the beam degrees of
freedom is presented to show how the beam displacements are transformed into the beam
generalized coordinates. The final two sections describe the transformation from root and
tip node degrees of freedom to beam generalized coordinates, and the transforination from
beam generalized forces to root and tip node forces and moments.

8.3.1. Basis of the Governing Equations

Consider the beam element shown in figure 17. The element frame is denoted by
F, and the root and tip nodes are denoted by R and T, respectively. The addition of
primes and double-primes signifies the static and perturbed dynamic states, respectively.
It should be noted that F' and R are coincident with each vther and that their coordinates
line up with the principal axes of the root end of the undeformed beam element with the

undeformed beam lying along b? Similarly, T is at the tip of the «ndeformed beam
element and its coordinate directions lie along the principal axes for the tip cross section.
The air node, denoted by A, must be included in the problem so that the influence of
aerodynamic forces on the air node generalized forces can be determined and so that the
influcnce of perturbations of the air node generalized coordinates can be determined for the
generalized coordinates of both the beam and the air node. The position and orientation
of A are inertially fixed.



by

Figure 17.  Aeroelastic beam element (undeformed with pretwist).

Interior displacements of the beamn are represented by four functions of the axial
courdinate x3: u; and ¢;. Bending is described by uy and u,, axial displacement by uj,
and torsion by 6;. These functions are discretized in terms of standard cubic and linear
polynomials so that the generalized coordinates at the root and tip of the beam can be
related to the nodal displacements and rotations. In addition, however, there are also
generalized coordinates, called internal degrees of freedom, associated with higher-order
polynomials.

8.3.2. Beam Elasticity

The derivation of the equations to calculate contributions of the elastic deformations
of a straight, pretwisted beam follows the derivation presented in reference 24.

Steady-State. The elastic beam equations for a beam in equilibrium are derived from
the variation of the strain energy

[]
5U :/ (G€3a663a +EE336633)(1:L'3 (832—1)
0

where
€31 :(/\1 - fz)(ﬁa - 0')

es2 = (A2 + &) (n3 — 6') (8.3.2-2)

€33 =€33 + E2ky — 1Kk + -;— (fl2 + 522) (k3 — 9’)2 + (€221 — €1A2) (k3 — 9')9'
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where 8(z3) is the pretwist angle (fig. 17), with 8(0) = 0, and ( ) = d( )/des. The
generalized strains are

€33 —g' -1
3'2 "'U.l + u) + (1 + u’f’l)2
k1 =(Crz2u}) — C11u3)/Css (8.3.2-3)

kg =(Caqu — Ca1u3)/Csa

C ZC "
iy =0 — (_31__12_“;1_ N C“ug) /Css
1 - Cy

where C = CP'F' the direction cosines of local principal axes relative to the static frame
orientation. The elements of C may be expressed in terms of Tait-Bryan orientation angles

(orientation angles of type body-three: 1-2- 3) as
Cy1 =czc3
C]g =82C}y + 5182¢C3 (8.3.2#4&)

Ci3 =838 — c182€3

Czl = — C283
Cyz =c3c1 — 818283
Ca3 =c381 + 15293
(8.3.2-4b)
Ca] :u'l

!
032 =Uqy

Css =(1—u}” —up’)?
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where

1= —uh(l —u)?)"3
82 -——u',
83 :sin03
(8.3.2—5)
1 =(1 - 312)%

-

C2 2(1 - 322)
c3 =cosfh

After integrating over the cross-sectional area, the variation of the strain energy is
obtained in terms of the stress resultants F3, My, M,, and M;.

L
oU = / (F3és' + Mybry + Mybry + M3bk3) dzs (8.3.2-6)
0
where

I
Fy =Eyé33 + Eaxy — Eky 53—7'32 + Dy8'13

B,my?

M, =FE)é3 + Ik, +

2
M; = — Eyé33 + Ipxp — Bimy ~ D0’y (8.3.2-7)

B;T;;z n 3D30'
2 2

]\Ia = (J + I3€33 + anl — Blnz 4+ 5+ D40’2> i+

(D0€33 + Dzm — D]Kq)g'



where 73 = k3 — ' and the section integrals are defined as

- [[ 5
b= [[ Bt
- [ [ £tia
1 [[ B
b [[peus

Iy =1 + I
// (A — &) + (A2 + £1)?)dA
B, :// E6 (6% + &7)dA (8.3.2-7b)

b [ [ peter - o
By = [ [ Bt +&)as

Do = [ [ Blgahs —trha)a4
Dy = [ [ Bes(eads — t2)aa
D: = [ [ Béatta ~ 612104

93=//E@3+@UGMI—QMMA

D, :// E(&0 — &122)*dA
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Here, Ey is the axial rigidity; E; and E, are the first flexual moments about the local
¢, and &, axes, respectively; I, and I, are second moments (bending rigidities) about the
local ¢, and £, axes, respectively; and J is the Saint-Venant torsional rigidity.

The variations of generalized strains can be expressed in terms of the fundamental

variables as

s’
§s' =—8u;
s ou, u
(8.3.2-8)
6'6,' ani
6'&3,’ :Bug 6’!1,; + 63,60?, + ag&‘u; -+ 63,'0}60603
and the variation of strain energy as
[4
s’ OK; s’
sU :/ Py f Myt ) 6u!, + Fy bl + €aps Markgb8s+
v ou! Ou! Ou!
5 o o o (8.3.2-9)
Ky
M; S bull + AI;&B;J dz;
where
0s' b3 +u;
Ou; ]
Or1 _Cia
Bu'l' —033
o1 _Cn
6’!1,;,' - 033
Onz _C
311.']' N 033
(8.3.2-10a)
Ok Cm
Ouy T Css
Ok 0312032

Ouy - Cs3(1 — Cs:?)

353 C.u
Aul Csa

dkq U'l' _ C22C32 + C12C3; U'z'CnCleszz
Qu Cs;?

- 1-— Cy? Cis - Ci33°(1 — C3,?)
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Orky  uf (CIZC:)Z +szc':'a) ull C21C3;Cs2’
ey Cs3?

1~ Cj,2 Css - C33*(1 — C31?)

g —CaC " ", C 2
- U (2Cy5% + C5i® — Cn*) - 32—(——3&) (8.3.2-10b)
a"’l 0333(1 — C312) Cis
Or; —Cir .y "
— =——=(uy Cay + 4, C
Bul, = Gy 11O 10
Dynamic. Since the explicit, analytical derivation of the elastic stiffness matrix

would be exceptionally tedious and lengthy, GRASP generates it numerically. This is
accomplished by taking the Jacobian of the function that calculates the steady-state elastic
loads. Because of the necessity of calculating an accurate stiffness matrix, the algorithm
used to calculate the Jacobian uses a two-point central difference scheme plus a gencralized

formulation of Richardson extrapolation.

8.3.3. Beam Inertial and Gravitational Forces

The generalized forces resulting from motion of the aeroelastic beam relative to an
inertial frame are also determined following reference 24. Warping dynamics are again
ignored. The derivation is based on the work done by inertial and gravitational forces
moving through a virtual displacement. The work is calculated by taking the scalar product
of the gravity minus the acceleration of a generic point P {(fig. 17)in the beam interior
(ref. 24, eq. 32), with the virtual displacement of the same point (ref. 24, eq. 34), then
integrating the result over the beam length.

Steady-State. For a beam element in equilibrium, the virtual work is

14
§W = / (§uTFE + 695 ME )des+
0 (8.3.3-1)

{ [4
sul, / FE dzy + 690, / (ME + REF FE )
0

0
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where

!

Fg, =m(gp — AR fzﬁ:’ﬂﬁ:’R’}’.F'
ME, =m,Gpy — i, Q5105 !
ME, = - miGpi; + 051051
ME, =miGpiy — maGpry + (5) — 12)05.105.]
RMF —m(z363 + u;) + miCii + maCy;

' -~ 'l hd " L} 1]
Gr =gr — Ap' — QROL/RET

and ,
u ZRglP
su =6RE,P
aK,,' " U ol
bpri =63:603 + 50 bugq = 6¢pi;

[s 3

Sup: =6REF

S =6pE T

m=[ [ puda
i
i
o= [ / puldA
iy = / / p.1dA

The section integrals are
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Dynamic. For a linearized perturbation about the equilibrium solution, it is possible
to express the equations of motion in a matrix format such that the virtual work per unit

beam length is given by

dupn;
OYpn;
bui(zs)
6u:1(£3)
603(333)

§W =

[M]

( >
UFi,

Opri

ﬁf(ms)
g (z3)

 03(3)

+ [C]4

(i
Gns
ili(ma)
i (23)

\93(33)

b+ (K]

Wpn;
Opn;
wi(z3)
UAEZY

93(z3)

(@)

(8.3.3-5)

where the components of the generalized force vector Q are the same as the static general-
ized forces (see the previous section) and the cocfficient matrices M, C, and K are defined
on the following pages. The M coefficient matrix is defined as

Supr; Tow:

wpr column: Tn6,'j

< ! gt [l
6 pr j column: eijn(mREE +mCR )

i; column: mé;; (8.3.3-6a)
o !t anl
@'g column: eklmmmC,ﬁ F ag

% [
#3 column: ek;um;C,f:-F

95



0y i TOW:

bu; row:

wprj column:

6F+ ; column:

%; column:

w?
ig column:

#; column:

g column:

@F j column:

u; column:

ot
ug column:
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P'F' ‘R
mR RFIJ'

(CP F'CP F'

mk(CP'F'CP F'

mé;;

— C.Jk(mRF,k + mlCP F’)

61']( RF'k RFlk + zmlC{; grf )—

(Cl"F'RP F\l + ClJIFIRPiFI)

P'F' '
- E,’jk(mRF:k + m,C,’; F )

P'F'oP'F'ypPF Ork
C C )RF’m 5;77

, " 6[{,2 ' 8n3
ZCZ{: F un 3CP d e
B ot

CPF'C}’F')RF" —}-l;;CPF’
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mb',-,-
PR 6&)
€ximTMm ki 3 "
Us
P ]
ex3rm Ci;
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bu, row:

65 row:

wpej column:

épuj

#; column:
ol

ig column:
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uprj column:
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(CkJ C C )Rprm 5&;"
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the C coefficient matrix is defined as

bupo; Tow:

by row:

. +f
uprj column: — Zf.ﬁmﬂﬁv.i

frn; column: 26;]-Q§:£(171RF. +m;Cp F')

ﬁ,- column: — Zeijkmﬂg.,i

] 1 r 'am
CPF‘CPF' CPFCPF) K

u,ﬂ column: zkaFu( mi Bug

63 column: 2kaF.,(CP F'C’P F! CP'F'C‘D F')

ipnj column: -~ 26,Jﬂp.k(mRF,k +m‘CP F')

20b (mREY + meCl )

'. ' A1
@pn; column: - Ze;jka;,{Rg,f Rp.,
F' pP'F' p' F’ P'F'
2681kmmﬂF'l (C RF'k C RF" )-
. !
Zeijklaﬂg,{,
- . P'F'
%; column: — 26,,QF.,,(mRF.,, +mCp, " )+

205 /(mRET + meClF)

y . , f ' '631[
ug column: sz,mmm(ﬂg,{Can QF'"CP } )RP"I: u"
B
't BK;I
P’ F
ZQFlm(Eklzllc2m +Eku?’2C]m )C’" BUZ

ég column: 26“3m1(QF, CP F' ﬂgll CP F')RP F'+

2051, cEF'cFF _i,cEF cEF)
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du; row:
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864 row:

ipn; column: — 2mkﬂp., CP'F'CP F CP F‘C'P Fl)
5puj column: — 25k31m1(ﬂp,ICP F Qf;.' CP‘F' )RP F_
205 1(11C T el F — T eyt
(8.3.3-7e)
i; column: — kaﬂp,{(CP FobRF CP'F'C“'F')
- 1 a ] a
11;, column: 2QF1k(l]C£F 6'{,1, 12,CEF 8n,2,

3 column: 0

and the K coefficient matrix is defined as

bupn row:

e column: mQ Q

-~

bpo column: m[AET — gp + (REIQETREF) — QETAETREF |+

(flﬁ:’(zﬂlm,ﬁ)' - ﬁg:’ﬁ;:’fhpl (833"8&)
- -~ FII -~ F I
% column: mQp, N

- - ’ 4 ' ’
0p: column: - QLIQE TmpCcFP
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6 Tow:

wpr column:

@+ column:

% column:

(QF IQ

fp: column:

éu column:

wpe column:

0+ column:

% column:

fp column:

- m[AF' - gF' + (QF!

_m[AET - g + (REIQEIREF) - REFQEIQET) -

(ﬂ ﬂFp mpl) +ﬁ1pvflf~:1fl§1

m{REF (AR — g )+

REF (QEIQEIREFY - QEIQETREF |} +
e ABT - gp + (AR TQETREF)Y -
QE'IQ;'IRP F'H
REF (IO Imp) -

1 ’ -~ ~ - ] ) - 1
CFP (Hp Qb - QB ip Qb Her'F

ﬁ Q mpl] -+
(8.3.3-8b)

EIREF) — REFQEIRET) -

mF') +7hF'an ﬁgrl

_RPF'Q£'IQFI- CF' P’

(th,ﬁg RP F') CF'P'+
ThF'(ﬁf;:Iﬁ IREF'Y CF'P' -
i (AT — gp)) CFP' 4 mp(ART — gp)CT P+

CFP (Hp Q5T - Q5 Tip 05T

mﬂpl Q

m[AET — gp + (QETQETREF) - REIQETRE )+
(pr QF' mF') — Q QF' mF, (8-3.3“8(:)
mQF. Qf

il AL - 1 i
- QE'IQ;'IvaCF P
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Sy pr Tow:

g column:

fpn column: CP'Fmp (AL — gp) + ClF mp (RO REF) -

QL IALRET ) + (Bp QR - 05 ip RN (L

1 L ot I fond '
@ column: CPFmp QL I0L]

p: column: C'PFmF,[AF, — g + (ﬁg:lﬁﬁ:lR,’;:F'f]CF'P’Jr
I—.{P'(lga _SZP: EPiQ}F:;rI

where

HP' :l'P' lef

1y 0 O
iPIZ 0 iz 0
0 0 1 (8.3.3-9)
mg
mpr = ma
0

In the foregoing matrices, m is the running mass per unit length, and m, is the first
mass moment about the £, axis. The last block row associated with §¥5, ' is used to
obtain the terms associated with éu!, and §6; by substitution from the equations

Ok; Pk,
ou!! 3u" Oua

Ak,
Ou!’ 06

§9EIF = 63,605 + ( iy + 03 )6, (8.3.3-10)

and

Ok, i,

Fur (8.3.3-11)

OB P = 63,05 + ——

The 63 pr row block matrices must then be pre-multiplied by RT and the §p: column block
matrices must be post-multiplied by R, where

R,’a _ 8n.-
au"
a (8.3.3-12)
Rz =bia
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The geometric stiffness matrix KG is added to the §ypr rows and 8p; columns where

' 82I‘L'
-G y )
Ko == Meigurau,
. 9Ky (8.3.3-13)
G 1
Ku3 = — AIP"'BW
Ks; =0

The matrix K€ comes from the last two terms in equation (8.3.3-10), which are commonly
called the geometric stiffness terms.

8.3.4. Aerodynamic Forces

The aerodynamic forces acting on the aeroelastic beam element are determined from
a quasi-steady adaptation of Greenberg’s thin-airfoil theory (ref. 29). Before the theory is
discussed in detail, two new sets of axes must be introduced for the purposes of defining
the directions in which the lift and drag forces and the pitching moment act. In figure 18,

the Z axes are associated with the zero-lift line for the airfoil section with the vector &21
. . :Z .

along the zcro-lift line toward the trailing edge. The vector by is along the beam axis but

in a direction such that a dextral rotation of the airfoil section about 1is vector results

in an increase in the angle of attack. Then, being a dextral system, b, turns out to be
normal to the zero-lift line (and nominally in the direction of positive lift for the section).
The other set of axes is the so-called wind axes W. For these axes the base vector é;v
is identical to b; The base vector bzz is located along the relative wind vector (in the
direction of drag) and é?l is in the direction of lift.

Zero-lift line

Aw\/
by

Figure 18.  Aeroelastic beam cross section.
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The Z basis and the P (principal axes) basis convect with the blade cross section, and
are related by the direction cosine array C%2¥ = C4 ¥ = CZ P,

cos b, sinf, 0
CZP = | —osinf, ocosf, 0 (8.3.4-1)
0 0 o

P .
where ¢ = +1 if a dextral rotation about b, results in an increase in the angle of attack

P
and o = —1 if a dextral rotation about b; results in a decrease in the angle of attack.

The wind basis W is related to the Z basis by

cosa —sina 0
c%? — |sina cosa O (8.3.4-2)
0 0 1

where a is the angle of attack. Then, CWP = CWZ(CZP,

Point Q is the quarter-chord point of the cross section, about which the aerodynamic
forces and pitching moment are calculated. The offset position of @ relative to the origin

. Z
of the local principal axes P is Rgzpbz .

Consider the wind velocity vector at the perturbed position of the aerodynamic center

Q". We" is calculated by subtracting the inertial structural velocity at Q" (KQ”I) from
the inertial air velocity at Q" (QQ”I), where
" —A _ LA A LA .4
U = (U} +r7* + P, + R3;'$y, + R3{ 6,3)b, (8.3.4-3)
and F'I F"F' PF F'I F'"F'
Vel=@ " +2  +Q )RF+(Q "+ " )RPF 4+
n . PF" ~F'I gt 1+ F'"F' . F'I
F'R +a RFF 4+ FR © + 'R

The relative wind velocity components in the Z" basis are then

" L A 1" A 1] <A
" — _ ~ A - ~
u/g"i =-C§ MO +r34 + P, + Rﬁz $12 + Rgs As)~

" gt ' ~ t ~ 1ot PP
(CZ"F QR Ty +(CZ"F pn) +(CZ P bp ) )RZT -
[(Cznpnng:l)- + (CZHFMH-F”)-]CZHFHRg::FH_ (8.3.4_4)
CZ”F”{'L B [(CZ”F”Qg:l)-]CZ”F”ﬁF,,.__

" 'l‘- -~ 1" (2} " H r " ’
(CZ F bpu) CZF dpn — CT'Flapn — CFFVET
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and the local air flow velocity gradient is

QH
g _OWgn,
Z"12 BRgzp
CAZRSL + 2RSS ‘A LA (8.3.4-5)
- CIZIA( 22 A2 32 A3 ’YA + C{%quu + C:;12Z¢”)+

r
' ' HZF 'VP
; 7 F P

cif'aif, + cil"e; +CZP;

where

- QA? QA?
r = RAZ + 133

If the time derivatives in equations (8.3.4-4) and (8.3.4-5) are replaced with variations,
the relative virtual displacements and rotations of an element of air with respect to the
structure are obtained.

6520, = — CZA(8P{ + R, *64ty + R3,"661)~
(CZ"F" 6ppn) + (CZF 6900 P) T2 RE; -
(CZ' T syppu)iiCh T Rpy —CET buj—

CZ'F" supn; — (CZ'F ppn) CF F'REF
" Z”A ZI'A A Z”A Z”A A ZI'FI' ”P” P”PI
6’1'(22,,3 == Cf] "Cx 612 — Chy Cis é¢i3 + Caj bprj + Csj ¢ p
(8.3.4-6)
The relative wind velocity magnitude and components are time-dependent quantities.
For the magnitude note that
W2 = (W2 +(W3,)? (8.3.4-7)
for which the static part is
W2 = (W3, +(W3,)? (8.3.4-8)
and the dynamic part is
— Q' V/7Q'I - Ql " Q”
W Wz Wz + Wz Wi,
W

(8.3.4-9)

Likewise, the angle of attack is a time-dependent quantity. In the equations written
below, it is necessary only to develop the static part and the linearized dynamic perturba-
tion part. These quantities are easily determined from the definition of a.

Wi

QII
wo

(8.3.4-10)

tana =
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The static part is simply

tana = —<+ (8.3.4-11)

while the dynamic part is

1

79 w9 _ w9 w9
VVZ'ZVVZ”I -_ WZ']‘VZ”I

a = 7 (8.3.4-12)
The applied force is assumed to be
n‘/V’l "W” ”"
F=Cb, +Db, +Lyb? (8.3.4-13)
and the applied moment is
"Z”
M = Mb, (8.3.4-14)
The equations governing the aerodynamic force components are
1 ™ "
L. :Epa"Vchl + 5[7002[’1/03,,12
1 2
D =§p¢l W*ecq
(8.3.4-15)
1 i d " 2L 3c -
M =2 paW?eem — Ep,,.:i‘(wc:g,,,2 +W2, + ch.,,,)

v

['nc -
4

. " C !
pac2(WZQNl + ch”l2)
Now, all of the quantities that are needed to define the virtual work are available.
¢
5W = / (_65211,'172”;' + 6T3,,3M)d$3 (8.34_16)
0

Steady-State. The static generalized forces can be removed from the expression for
the virtual work and written in the form éW = fol 69T Qdz;, where 6q is

(P4 )
6.
6o
bq = ¢ 6’!1,;3/,' > (8.3.4-17)
6 Frs
du;
dul,

\ 60,4 )
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and the elements of @ are

6P1A :

Spiy
6d>f2 :
6(1);43 :
6up:,- :

gt

6u,- .
du! :

693 :

c.ciV + oo

AW' AW' Mcle'A QANZ A QANZ A
r(LCHY +DCHY ) — ———(R3,"Cy + R5,"C3; %)

0

cClW'F yoe)'F = F2
MCZF 4 (RLF FA),
FA

6n3
u

[

CZP(M — RE; F)

CZF(M ~ R F{)
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Dynamic.  After removing the steady-state contribution to the virtual work, the
virtual work per unit of beam element length done by the aerodynamic forces and pitching
moment can be put into the following form:

(sPA T ( (PA )
s¢ e
o3, ; Ph
51y 1.; We b1y
—OW = Qbup 1Al +[B]{ " }+[D]<fw~j (
btpprs A;C #z O ;
bu; U
LA ig
(68, ) | 6 )
c
c . : Q
P w3 W 24
$ :[E]{vg }+[F] %
Lne G212 Gy (8.3.4-19)
\ M
(--PA A
(PA ) A
o 2
iA LA
‘{5;2 $12
. <A
w3, #is 13
£Q :[G]4 ‘U.FMJ' } +[H]< . }
GZXZ épnj 1.LF”J
i; O
i iy
. o1
6, ) ve
(0 )

This equation can then be rewritten in terms of aerodynamic M, C, and K matrices, where

M =AFH
C =AEH + AFG + BH (8.3.4-20)

K =AEG+ BG + D
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The elements of A are

6P,A TOW:

6¢fr row:

6(15;‘2 row:

§¢7y row:

L. column:

D column:

L, column:

M column:

L. column:

D column:

Lo column:

M column:

L. column:

D column:

L, column:

M column:

L. column:

D column:

L e column:

M column:

w'A
- Cy
w'A
- Cyy
zZ'A
-Ci

0

0

0

W' ApQ A
-C1 RA2
WApQ A
- C;, "Ry,
Z'ApR' A
-Ch RA2

Z'A~Z A
C{17Cx

wW'ApQ' A
- Cll RAJ
W ApRQ A
—Cy "R,
Z'ApQ'A
— C{1 " R},

Z'A~Z A
Ch Css
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(8.3.4-21b)

(8.3.4-21c)

(8.3.4-21d)



Supn; row:

e r
L. column: - C¥
- ] ’
D column: —Cl¥F
L . 7
Lpe column: - Cy;

M column: 0
8y i row:
: X W'F’
L. column: ¢€;Cy;
~ . . “VI Fl
D column: €k Cy;
- 1
Lpe column: €5 CIZJ-
~ 1 t
M column: - CEZF
bu; row:
- ¥ r
L. column: —-ClV'F
v 1 !
D column: - C;y F
- r 1
L,c column: — C',z‘- F

M column: 0

r .
du, row:

= . W'z ~ZP
Lecolumn: C)p “C53 R

~ 1 4
D column: €)Y 2 CZPR

Q'F'
F'k

QIFI
Fik

' Q!FI

Fik

Qp OK3
Z2 "
Ou!!

QP 3&3
22 ou!}

. Ok
L column: C,Z:,PRQP =3

Z2 "
ou!!
- 6&3
M column: — P 32317
ou!!
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605 row:

L. column: CW'Z'C R

> . w z'

D column: C, c% R (5.5.4-210)
L, column: C:ﬁp Rgf

M column: — Cjy

The elements of B are

5P} row:
i A ocyt'? ocy'z'
W2, column: _‘ngc‘?' AMLe=3— +D—46—)
e weop
¥4
Q ~7' A Bcrf’z’ GC;Y'Z' (834—22&)
W2, column: Wz Cii A (Le—3a— + Da )
7 ' w2
z
G'Czln column: 0
b row:
W7, column: 0
i 8.3.4-22b
w gz column: 0 ( )
é(Z‘)n column: 0
§¢i, row:
A, 8CH'? o('“; z’
W2 column: _vVZQzCZ ARQ (L~45— + D—F5—)
Z1 |‘,V§|2
(8.3.4-22¢)

3 1 wl 1
W2 CZARSA(L, *’Cn N T i
W

W ZQ2 column:

Ggl , column: 0
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6q5;43 row:

1 'ApQ@Agp, oCl'? Bc'f i
~WaCH RGN (L 2s— + D)

ng column:

W22
) At oy (8.3.4-22d)
W? column: ?1 C'% ARZ:’ (£~ + Dha)
A :
iW§|’
G%,, column: 0
6upu.- TOW!
sch's’ sck'z
W s, —TVRCEME G + DM
, (8.3.4-22¢)
_ GCW z
W< column: VV?IC (C +D , )
(;'212 column: 0
b pi; row:
' BCW,Z Bcw z'
W2 column: fukaCZF RF'k(['c pa— +D—3a—)
A som'spore (8:3:4-220)
W2, column: —ik Wz O RF"‘ (Le—ha— +D—4a—)
zZ2 :
w2
G"(z?xz column: 0O
fu; row:
o Cw 'z’ Cw 'z’
W column: ~WSeEF (. S p2
71 column: 3
(W72
- , (8.3.4-22g)
= gt ech ' ? acl'®
W column: VECR T (Le—55— + D=35—)
i Lz

G% , column: 0
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§u' row:

603 row:

W’gl column:

W’gz column:

GCZ?” column:

W gl column:

W ?2 column:

ng column:

tz!

i7Q ZP QP 8ry ecty
W5 Ci Rz, gub (L5

1 ’
n Dec,§ z )

\igik

_ w'g! w'z'
—WE,CIP R B (L 24— + D)

Z2? Bu”

&

W2

- z’
W, CA" REY (L2 + D)

W

IWz?!2

ZPRQP(L Bcu__

w'g!
+D8(/” 2)

w3 |2

113

(8.3.4-22h)
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The elements of ) are

é P,A row:

P/ column: 0

#2 column: 0

$3, column: 0

$& column: 0

g j column: 0 (8.3.4-23a)
va~,~ column: Eklj(ccc;/Y'F' + DC:}"F')CS‘A

% column: 0

7t DI 1 ' a
i column: — erim(LCH T +DCYF )C“A.__n_'"’l
Ouy
3 column: — cug(CCCl",:'P' + 'DC,‘},"P‘)C'“'A
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§pi row:

P{# column: 0
4 column: 0
¢4, column: 0
$4 column: 0
(8.3.4-23b)
upr column: 0
épuj column: 0
@; column: 0

1123 column: 0

§; column: 0

115



5o, row:

P column: 0

(}5‘14, column: O
(Z)fz column: 0
&f;, column: O
iprj column: — (CCC]";"A + DC;Y'A)CJ-F;A

épuj column: - Eju[(ﬁccmz + Dczunr;z )(CrilAClI; AR?': -
CAF O ARG+
n 2 ; s (8.3.4-23c¢)
M(C{ F CklAczzA -Ch AC!Z Aczk )l

i; column: — (ECCIV;"A + DCZV;”A)CJ.F;A

iy column: eum[(ﬁccnﬂz' + 'DC';‘Y'Z' (Cizl'ACSACzZIPRCZQf"
PP ‘A
cifcy ARgz )+
OKkm

ZP AP ANZ' A Z'AnP' ANZP
M(Clk Cll 022 _C]l Ckz Cﬂ ) au"
8

6; column: eku[([l,_.C]vy'Z‘ + DC-},‘I,Z')(C.{ACSACZZIPRQZ?ZP_

ciZFch AR )+

M(CElCiAch* - CRACKHACHT)
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Sppy row:
P column: 0
$3 column: 0

A .
¢1; column: 0

$% column: 0

; . w'a W' A\ F'A

ipoj column:  — (L£.Cyy 4 +DCy; 7)Cj4

. u"'Z' “"Z' ZIA F’A — IF!
Op; column: — fjkt[(ﬁcclm +DCh® NCrni” Cia Rg’k B

CZ'IF'C:"ARQ'A)+
mbooe A o (8.3.4-23d)
M(CLF clACEA —- chAch e

- . Ww'A w'A F'Aa
i; column:  — (LCyy * +DCyy 7)C 33

ot 1oyt ' '
ﬂ'ﬁ column: ck;m[(CCCﬂ 2 —I—’DC;: z )(Cﬁ AC,&ACZZ,PRCZ25~
ZP AP 'A
Ci Cn ARgs )+

OKkm

! z' z' P ZP
M(Clzkpcu AczsA - CuACkaAczl ) u
B

g3 column: ekm[(ﬁccnﬂzl + DC’,‘:"Z')(C,-Z]'ACSAC{‘,PRCZ?;J—

cir el A R3M+

M(cFr el Aeh - chiteg et
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dupni row:

P column: 0

2 column: 0

$8, column: 0

é1 column: 0

g ; column: 0 (8.3.4-23¢)
épuj column: 0

#; column: 0

- "t 1t , :3n
u'ﬁ column: — Eklm(LcC]Mk' L »DC;Z P )C,f F 3ur,r'1
B

65 column: - cua(EcC,‘r'P' + DC,‘K'P' )C{:‘F'
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61/)}:'”:' TOW!

P# column: 0

¢\ colummn: 0

$f2 column: 0

(Z)fs column: 0

i j column: emkl([,cCIW'Z + 'DCW'Z')CIZ;' F' CZ F'

@pn ; column: 0 (8.3.4.231)
i; column:  €mpi(Le Clvfnz + 'DCZV":Z')CI:{'F'Ckz;F'

ol af{k

ﬂ'ﬁ column: en|(Le CW' +'DCW'Z‘ )R(zz'zp - M]Ciizlipc‘i Bu'é

emkpeing(LCTL 7 +DC' 7Y Ch cpz,.*“cf;""'+

' ' 0
o CEE ORI REY ot

03 column: €mkp€ins(Le CW 'DCW z )(CpCZlPC,,ZiFCf;F'+

CZPCZFCP F')RP'F’
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bu; row:

P{ column: 0

é3 column: 0

qafz column: 0

é column: 0

tpr; column: 0 (8.3.4-23g)
épﬂj column: 0

%; column: 0

_ 1 1 ] :3n
u'a column: — eum(CcC]vr Py DC;}: P )C’,’iJ F Bi

#; column: - eu;(ﬁccl‘lﬂp' + 'DC:Z'P')CH'F'
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Su' row:

«

603 row:

P{ column:

1r

¢4 column:
$24 column:

wpoj column:

4 column:

0

éFllj COluInn: 0

%; column:

~f
ig column:

0, column:

P]A column:

é3Y, column:
¢ column:

@pnj column:

¢ column:

(c.Cl'? +

0

épuj column: 0

%; column:

iz'ﬂ column:

@, column:

0

(8.3.4-23h)
t ot an
i P 3
’Dcx z )RCZ?Z’ - M]C3Z3P auuaub
o
(8.3.4-23i)
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The elements of E and F are determined from perturbations of Egs. (8.3.4-15) which
govern the lift, drag, and pitching moment. Thus the E matrix may be defined as:

L. row:
i 3 1 de
I‘V?, column: pacc,W’ZQl + ip“c;iﬂ ,§2+
a
1 WA s
nd Va4
2" Pe | 21
1 d (8.3.4-24a)
Wy column: - paceWg, - ip.,cd—c‘ W2+
a
1 W3 =g
g "Pac W] G712
. 1 i
Gglz column: §"PaCZIW|
D row:
vy iQ 1 deg o Q
W3, column: pgecaWz, + Zpac—— W3,
2 da
8.3.4—24b)
L 3 1 deq - (
W’?Z column: p.,cc,;W?2 _ —Pac——cinl
2" da
églz column: 0
Enc TOW:
ng column: 0
(8.3.4-24c)

WZQz column: 0

G‘Z’,, column: 0
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M row:

“ = 1
I/V?l column: ,o,,czcmW'é?1 + ip,,c

167 Tw| e
. - 1
IVZQZ column: ,o,,czcmlng2 - gPac
i
1 3 Wv_zz ~Q

G9,, column: — —mp,c*|W]|

and for the elements of F'

L. row:
:7Q
W5, column: 0
: Q
W4, column: 0
< Q
G 7, column: 0
D row:
- Q
W, column: 0
vrQ
W 5, column: 0
L Q
Gz, column: 0
L e ToW:
: TPac?
W ,, column: pZ

. Q
W, column: 0

1 Q Tpacd
G z,, column: —%%—
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(8.3.4-25a)

(8.3.4-25b)

(8.3.4-25¢)



M row:

: Q Tpac?
W | P ——
71 column 16
: Q (8.3.4-25d)
W 7, column: 0
% » 3rp,ct
Gz, column: - 128

From the relations defining the relative velocity components and gradient, the elements of
G and H can be determined. The elements of G are defined as

ﬂ/’ZQa row:

P2 column: 0

é7. column: 0

12 column: 0
é7% column: 0
ipoj column:  equCE 'QE:{“C,.EZ;F’_
%;C‘f"A(CiI;'Aﬁg;A +CEARSM) (8.3.4-26a)

. U — ' — !
3FH]‘ column: - fjklcfkp {CII: A(UIA + F'?A) + VF{“I]‘F
~Z'F' F'I pQP
bare;uiCL T QLIRS +
34~z a FQF'( ~AFABQ A F'ApQ A
ekt —Cayt "R (Cra"Ra;y" + Cia "R )+
Zl 1] gt ’ PlFl
fakmenojckl F Cfmp nF'gRF'l
' ] i 1 14
%; column: €ar1iCEF Q;I,I,,C;,ZjF -

<A
T oz AcFApQA F'ARQ A
“;Cal (Cj2 R3, + Cjs R
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Okm

11;3 column: — ek,mef[Cf;'A(ff{‘ + 1""7‘4) + C,’:F' VF" | == ™ " +
I ] Bn
bosenmCE F' CZP AR LIRS o ',',‘+
— ' — aii
htm c PCARSN(CHARS, + CLARS 3.5 ',’,‘+

ekimean U RET(CE T CE PCZ T +

[ ' aﬁl
P'F Z'F m
Ciq C C )a ”
f; column: — ekmcak [C,’; A(UA ”‘A) + CP F'VF I]+

extseano(CE ¥ CZPCZF v CEF CIECL T )L L RE
A ]
em“CZZ,PC’ ARSP(CE AR + cHAR%,™)
Gle TUW:
PA column: 0

¢3 column: 0

(/3‘1"72 column: 0

¢;i43 column: O

. YAz Al A F'A | z A

dpn; column:  — —C§; 7 1(Cy " Chy C )_
T

1 /! — 'A ' = 'A ' — ’A 1 — ’A
L (CEARS + CEARSCE AR + O RS
(8.3.4-26b)
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. 4 ’ ’
fF» j column: e,'u{CaZkF QF.{+

—A ' 1 r ¥ 1
T ofARSE [(CEACE + CHACH)-

1

i — 'A 4 = 'A F' = 'A [ = 'A
(CEARS + CEARGM(CEARSA + CE AR -

~3

=A
")’ [l ' Zl ‘A 4 'A
ra [Clsz CHACH R + CHARY )+

CEACKT (RS + CE ARG |

5 A ' )
ij column: — 7—7_'—6’171 A [(C:;ZzACJ-F; A4+ CE AC,’-; Ay
1 ZI = ’A ' - 'A Fl — 'A FIA — 'A
F—z(CnAR% +CH RS, NCi2 ARG, +Cj; R3, )]

p'p9km

-1 ZP~P'F'
ig column: €31 Cy5 Cip QF'EB'—IT
vs

~A
eum{ 11__—0,21 ACHZREy [(cle‘c,{’," +CHLACHM)-
1 ' ‘A Z’ApQ A\ AP ARQA PARQ' A
S(CEARS + CEARGMCE RS + CE R3] -

~A
¥ 'A(ZApQ A T ARQ A
e [Clzkpcz}; (o AR% + szsARga )+

Ok m

[ ' ’A [ 'A
Clzl AszkP(ClI; ARgz + Cl}; AR%a )] } Su"
B8

5 A
~ Y ' ' ! 4 1
f5 column: e,,,,?{c,z, ACHZRY; [(Cf,"c,‘:;f‘ + CHACEH*)-

4

1 ~2'4pQ'4 'ApQ A ‘A "ApRQ A
S(CHARS + CEARIMNCE AR + CLARSY)| -
7 ¢ 4 4 ' "A\ .
CRICHA(CH ARG + CRARGY)-
] /] ,A ’ IA
CEACH (O ARY* + CAREY) ]
(8.3.4-26¢)
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The elements of H are defined as:

W ga row:

< A
P, column:

CA

¢y, column:

¢y, column:

LA
¢35 column:

wpo; column:

@ j column:

@ column:

i'g column:

#; column:

§.1CEF RS,

AR%ZA

Z'ApQA
- Cal RA3

_ CZ'-F,

a,,c” RSY!

_c?F

p
§.1CEF RS,

y + Eale,,

pah‘g
'lL'

B
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Gglz row:
- A

P, column: 0

<A

¢y, column: 0
A Z'ARZ'A
¢y2 column:  — Cf, 7Cyy

<A ' '
$,3 column: — CEACEHA

(8.3.4-27b)

wprj column: 0

1 I}
6+ j column: Clﬁ' F
u; column: 0

i's column: Cf B

85 column: C,,Z:,P

8.3.5.  Spatial Discretization

The variables u; and 8; are expanded in a set of polynomials based on reference 30.
The “C0” functions (u3 and 6;) are expanded in terms of ¥;(z) where ¢ = z3/¢. The
functions used beyond the first two standard linear functions are orthonormalized. The
C1 functions (u,) are expanded in terms of §;(z). The functions used beyond the first
four standard cubic functions are orthonormalized. The details of the orthonormalization
procedure are specified below.

The expansions are given by

Na
Ua =Y gaibi(2)
i=1
Nsy
uz = Z q3ivi(z) (8.3.5-1)
=1

N,
03 = Z q4i%i(z)
=1
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The functions ¥; for i > 2 and §; for i > 4 are constructed from the Jacobi polynomials
gn(z) = Gn_1(p,q;z) where p = 5 and ¢ = 3 for the CO functions and where p = 9 and
q = 5 for the C1 functions.

Letting ¢ = %2, the CO shape functions are
Yy =1-2

Vi =17(1 - z)gi—z(-’ﬂ)fi—z

where 3 < i < N +1 and N = N; or Ny. The recursion relations used to compute the
polynomials are
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ai(z) =1

1

g2(z) =z — 5

9i(z) =g2(z)gj—1(z) — gj-2(z)A;—2

9;(“’) =g;-1(z) + gz(w)g;-_,(:c) - g_'i_z(:c)AJ-_2

g91(z) =0

gz () =0

9;"("3) :29;—1(3) + g2(z)g5_, (z) - '

where

g oite-1e+p-1itp-g)
T (Ritp-2)2i+p-1)72(2i+p)

fr2 =30
2
fis1? :l;;:

The derivatives of the shape functions are then
b= -1
1 =0
v =1
2 =0

¥; =((1 - 22)gi—2 + 2(1 — z)g;_,fi-2

(8.3.5-3)
g] 2Aj—2
= 5’ q= 3
(8.3.5-4)
(8.3.5-5)

! =[-2gi_2(z) — 4(z — %)g:_z(x) +2(1 - 2)g;_,(2)]fi-2
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Similarly, the C1 shape functions are
B =1 — 32% 4 22°
By =z — 22* + 2°
By =32 — 22° (8.3.5-6)

O =z* — 2?

B; =2*(1 — )’ gi—a(®)fi-a

where 5 <i < N +1and N = N; or N;. The g’s are the same as above for the CO shape
functions, A; is evaluated for p = 9, ¢ = 5, and fZ = 630. The higher derivatives are

g,'(z) =95 (z) = 0

e i

g (z) =3g7_s(2) + g2(2)giL1 — g5 2 (2)Aj-2

(8.3.5-7)
91" (z) =g7"(z) = 0
97" (z) =4g)" \(z) + g2(2)g;" 1 — 95 2(x)Aj—2
and derivatives of the shape functions are
gy = —62(1 — x) V= 12(z - %) V=12 "=0
ﬁ;:3m2—4x+1 ;':6(.@——%) 5 =6 2 =0
ﬁ:’, = 633(1 — :n) :'31 _ ~12(13 _ %) :r;n - —12 ;,,, —0 (8.3.5~8)
ﬂ;::}mz—z.’c ;’:6(:6—% ,',":6 ;’”:O

Bl =[—4e(1 - 2)(z — }gi-a(e) +2*(1 = 2)gl_4(2)]fi-s
B =[12(2® — = + Dgi-a(@) — 8(1 — 2)(@ — J)gi_y + 2 (1~ 2)° gl ()] fi-a

" =[24(x — 1)gi-a(z) + 36(2® — x + §)gi_a(x) — 122(1 —2)(z — 3)gila(2)+
2?(1 - 2)’gl" 4(2))fi-s

B =[24gi_a(x) + 96(x — )9i_4(z) + 722" — = + §)9i_4(2z) -
162(1 — z)(z - 1)git4(z) + 27 (1 - 2)*gi"4(2)) fizs
(8.3.5-9)
These formulas for shape functions, when substituted into expressions for virtual work
of either internal, inertial, or applied loads, produce integrands that depend only on zj.
These integrals can be evaluated to any accuracy desired by use of Gaussian quadrature.
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8.3.6. Transformmation from Nodal Coourdinates

In GRASP, a different set of generalized coordinates are used for the beam element
than those for the nodes. It is therefore necessary to calculate the beam generalized
coordinates in terms of the nodal displacements and rotational variables at both the root
and tip of the beam, so that the beam equations can be written using a convenient set of
generalized coordinates.

The beam generalized coordinates gq; for i = 1,2,3,4 determine the u, displacements
at the beam root and tip. Similarly, g3, determines the u3 displacement at the root and
tip, and ¢4, determines the 83 rotation at the root and tip. The exact relations are

qi1 =UR:
R'R
q12 =L3;
qia =C5 B
g2 =CR R
g24 =C "
q13
g23 ) =CRTuy (8.3.6-1)
q32
_CR'R
gq1 =sin"! 2
/1 (CER)? |
) __CT‘R
qaz —sin~! 21
| /1 - (CHRY

CT'R :CT'TcTR

The rotation expressions are derived from expressions for C¥ "F" written in terms of
u! and 63 (see ref. 24, equations 4, 17, and 60-62) for which

P”F” _ . _ f
Ci =sinf; = u,

C;{;”F” = — cosfysin8; = u, (8.3.6-2)

- . .
Czl; F" — _ cos,sinf; = —\/l—u'lzsml%
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8.3.7. Transformation to Forces and Moments

The generalized forces calculated for the beam element root and tip correspond to
the beam generalized coordinates. These forces must now be transformed into forces and
moments at the root and tip nodes. The virtual work at the root can be written in terms of
the static residuals () g and the linear coefficient matrices. In terms of the beam generalized
coordinates, this relation is

—6Wg = 6qrT (-Qr + Lrdr) (8.3.7-1)

where §grT = |8q11 6421 631 8q12 8q22 6qa1] and G = [d11 21 @51 iz d22 dar], and Lg
is a linear operator representing (]Ung:—, + Cr d% + Kpg). Note that this equation defines
the negative of the virtual work. The explanation for treating the virtual work in this
manner is that it is conventional for Lg to be positive, and Lg is normally considered to
be positive on the left-hand side of the equations of motion, while Qg is positive on the

right-hand side.

The root node virtual displacements and rotations may be related to the beamn virtual
generalized coordinates by the expression

(8q11
bqx1 A 0 bup
Ix3 3x3 Ix1
‘;‘;3' - . = 5 (8.3.7-2)
12 R
6Q22 3Ix3 3xI§ Ix]
L 8g41

where the root node virtual displacements are dug = 6R’}§'R, and the root node virtual

rotations are §yp = 61&,’%"2. The 6 x 6 coefficient matrix that premultiplies the root node
virtual displacement and rotation vector is called T and matrix Rg (ref. 24, eq. 67) is

0 (CER  _(CRR
Rp - | -(CRR 0 (cfim (8.3.7-3)
0 cmn o
1 (CR'R)T  1-(Ch'R)?
L N

Similarly, the perturbed root node displacements ug and rotations fp are related to
the perturbed element gencralized coordinates gr through the expression

gr = Tr {gl’;} (8.3.7-4)
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When the virtual work at the beam root is transformed into nodal coordinates by
the substitution of equations (8.3.7-2) and (8.3.7-4) into equation (8.3.7-1), the following
expression is obtained:

—6Wg =|6urT 6¢rT|TRT {{—Qﬂ} + LrTr {Z:}}
)

First consider the transformation of Lr, which contains the dynamic matrices Mg,
Cr, and Kg. The transformation of the element generalized coordinates into the nodal
generalized coordinates introduces the transformation matrix Tg into the expression for the
virtual work. Since Tg is a function of CR'R_ which is a function of the nodal rotations,
it must also be perturbed to recover any additional perturbation contributions. In the
case of the linearized dynainic matrices Mg, Cg, and Kg, no new perturbation terms are
introduccd by the transformation, since any such contributions would be nonlinear.

(8.3.7-5)

=2«

=|6ur” SyrT| {{—TRTQR} + TRTLRTR {

D«

The transformation of the static generalized force Qg is, however, another matter. In
this case, transformation does contribute an additional term, called the geometric stiffness
tern K§, to the linearized dynamic equations. Geometric stiffness originates from the
perturbation of Tg.

~6qrQr = —|6ur” YT |TRT{Qr} (8.3.7-6)
When Tg is perturbed,
8TrT
~banQn =~ |6un” #¥r") 5 —4rQn
qr
(8.3.7-7)
ATRT UR
= — |6ur” sypT| =2 TR{V }QR
Oqr Or
where
0 0
8 3Ix3 Ix3
5T—R = oRe (8.3.7-8)
IR 0 Oqr
Ix3 3x3

When equation (8.3.7-7) is multiplied out, only one of the 3 x 3 submatrices is nonzero.
This submatrix is called the root geometric stiffness matrix kgg, and it contains only terms
that are related to the nodal rotations.

3 8RpT
K§0p = - :R

RprOrQro (8.3.7-9)
9R
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where

QRu}
= 8.3.7-10
Qr {QRo ( )
Written in index notation to allow the isolation of kgr, the root geometric stiffness is
] ORp,, )

KGR.',-GR,- = ———a—(—]—R—:-RR”HRjQRQh (8.3.7-11)

and oR
ken,; = -—éﬁRRUka (8.3.7-12)
qR,

The geometric stiffness matrix used to transform all of the root nodal degrees of freedom

is then
0 0
G Ix Ix3
Ky = (8.3.7~13)
0 kanr
3x3  3x3

The virtual work at the root can now be written in the form

_§Wh =|6un” s9xT| {—TRTQR + TRTLaTx {"f"} + KS {’f“}}
fn fr
—6ur” 6yrT| {—Q;i v Ly {;R}}
R

Qh =TrTQr

(8.3.7-14)

where

(8.3.7-15)
Ly =TrTLrTr + TrTK§

The transformation of the generalized forces and moments at the tip of the element
into nodal forces and moments is similar to that for the root. In beam element generalized
coordinates, the virtual work at the tip is

where 677 = |6q13 6923 632 6qua 6q2s 8qu2| and ¢ = |Gi3 23 d32 ua Goa Ga2|, and

Ly is a linear operator representing (I\ITdi:; + CT% + KT). Note the similarity with
equation (8.3.7-1).

135



The equation that relates the tip node

generalized coordinates is

( 6Q]3 \
6423
6932
54114
6924

\ 6(]42 /

where the tip node virtual displacements are dur

CchT 0
Ix3 Ix3
} =
0  RpCRT
Ix3 Ix3

virtual displacements to the element virtual

dur
3x1

oyr

3Ix1

(8.3.7-17)

6R£'R, and the tip node virtual

rotations are §yr = 61/),72"“. The 6 x 6 coefficient matrix that premultiplies the tip node
virtual displacement and rotation vector is called Tr and matrix Ry is

Ry =

0

—ICHR

(CT,R  _¢CLR
0 (CTR (8.3.7-18)
cht Ch "
1-(CI/R)  1-(CT/R)2

Similarly, the perturbed tip node displacements @1 and rotations fr are related to
the perturbed element generalized coordinates §r through the expression

dT:TT{é

ur

-

(8.3.7-19)

The expression for the virtual work at the tip is similar to the expression for the

virtual work at the root.

—6Wr = bupT 8377 {{—TTTQT} +TrT Ly Tr {ZTT}}

(8.3.7-20)

As in the derivation of the transformation of Lg, no additional terms result from the
transformation of Ly. There are, however, geometric stiffness terms that result from the
transformation of Q7. Following the derivation of the root geometric stiffness,

8T T .
~bqrQr = —|bur” 97| T {'fT} Qr (8.3.7-21)
oqr Or
where
0 0
BTT I x3 Ix3
= = 8.3.7-22
ogqr 0o ShzcRT ( )
3x3 3x3
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When equation (8.3.7-21) is expanded, only one, nonzero 3 x 3 submatrix remains. It is
called the tip geometric stiffness matrix kgr, and

- rrORT" TR
kgrbr = —C'“————RrC*""01Q19¢ (8.3.7-23)
oqr
where
QTu}
= 8.3.7-24
Qr {QTa ( )
Written in index notation to allow the isolation of kgr, the tip geometric stiffness is
Ry,
ke, = —Ci" 3 “ R1,..Cr Qo (8.3.7-25)
qr,,
or i
kGT{,‘ - (CTRkGTCRT),’J' (837*26)
where oR
- Thi
kor; = —ﬁRn,Qm (8.3.7-27)
Therefore,
0 0
G 3x3  3x3
Kt = (8.3.7-28)
0 kgt
Ix3 3x3

The virtual work at the tip can now be written in the form

Wi = 6urT 8ur7) {—TTTQT + T T LTy {;"} 1 KS {Z’}}
T T
(8.3.7-29)

=|6ugrT 89T {—Qgp + LY {ZT}}
T

where T
Qr =Tr Qr
(8.3.7-30)

Ly =Ty LyTr + TrTK§

For both the root and tip, derivatives of R and Ry with respect to the g;; are needed.
The only nonzero elements of these arrays may determined from

r C -1
0 —Lgd 0
on a1
o= e 0 ¢ (8.3.7-31)
i
! 0 2C;3,Ca2 031(1—0;1—2(;;_;_)
(1-c2,y’ Cas(1-C3,)
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Css
OR Cn
~ = ZCH 0 ¢ (8.3.7-32)
Oul,
0 1 ~Ca;
1-C3, Cas(1-C3)
where
or _1on
dqi2 £ 0, =2 =0
R 1 3R|
Bqu ——ZW ze={
SR 1 aRl (8.3.7-33)
bans  £0u; ™"
O6R 10R

0q24 :Z 5“—'2 Iza:l

where C is CR'R at the root and CT R at the tip and R is RRp at the root and X at the
tip.
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9. CONCLUDING REMARKS

In response to the limitations of previous methods for analyzing rotorcraft, GRASP
has been developed. GRASP is a general-purpose program which treats the nonlinear static
and linearized dynamic behavior of rotorcraft represented by arbitrarly connected rigid-
body and beam elcments. Large relative motions and deformation-induced displacements
and rotations are permitted (as long as the strains in the beam element are small). Periodic
coeficients are not treated, restricting the solutions to rotorcraft in axial flight and on the
ground.

GRASP uses a modern approach for modeling structures, incorporating the features
of several traditional methods. The basic approach which provides the foundation for
large rclative motion kinematics is derived from “multibody” research with an cxpanded
emphasis on multiple levels of substructures. This is combined with the finite element
approach which provides flexible modeling through the use of libraries of elements, con-
straints, and nodes. The use of a variable-order polynomial beam element makes the finite
clement approach more effective. The incorporation of aeroelastic effects, including inflow
dynamics and nonlinear acrodynamic coefficients for the beam element, further extends
the capabilities.

Due to the fact that GRASP was developed using structured, modular, software meth-
ods, changes to the code are relatively easy to perform. This makes it practical to modify
the code in order to enhance its functionality. Some of the many arcas where possibilitics
for enhancements cxist are expanded solution procedures, improved aerodynamic models,
expanded modeling capabilities, new elements, and new constraints.

Existing solution procedures (steady-state and asymimnetric eigenproblem) could easily
e expanded to include a symmetric eigensolution. This solution procedure would take the
symmetric part of the linearized, perturbed equations of motion, then calculate the eigen-
values and eigenvectors. The symmetric eigensolution would be to generate the modes for
another new solution procedure, the subspace reduction. The subspace reduction would
allow the user to solve for the asymmetric eigensolution using a reduced set of admissible
functions. A reference deformations solution procedure would allow a user to take any
steady-state solution and use it either as an initial guess for another steady-state problem,
or as the state about which the linearization is performed for an eigensolution. The refer-
ence deformations solution would lift the restriction that the same model must be used in
the the steady-state solution and the eigensolution. Another valuable enhancement would
be to extend GRASP to forward flight using cither a time-domain solution, a periodic
solution, or both.

Enhancements to the aerodynamics could include adding the capability for table-
lookup for the aerodynamic coefficients, and perhaps making those coefficients functions
of Mach number. Another possibility would be to incorporate a lifting-line or lifting surface
theory to calculate the acrodynamic forces. Wake geometry could also be included. Other
valuable enhancements to the aerodynamic model would be the inclusion of transonic and
dynamic stall effects.
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The modeling capabilities could also be improved with the addition of the ability to
model applied loads. It might be advantageous to include simple, dead loads (forces),
and geometrically nonlinear loads such as applied moments and nonconservative forces.
With the rapid growth of control theory, some sort of control representation should be
included in GRASP. This could be as simple as specifying the thrust level of the rotor, or
as complex as a complete control representation including sensors, actuators, and control
laws. In addition, it would be convenient to implement a “generic” node. Such a node
would be used to allow the user to define generalized coordinates not associated with any
of the predefined nodes.

GRASP would greatly benefit from the addition of a composite beam element and
a direct-input element. The composite beam element would be able to rigorously treat
the structural couplings introduced by composite layups. This element might also include
the effects of shear deformation, initial curvature, and warping rigidity. The direct-input
clement would be used in conjunction with the generic node to allow the user to define the
properties of eleinents that are not included in GRASP. An example of such a use would be
taking a set of inodes from a NASTRAN analysis to represent the fuselage of a helicopter.

New constraints that would enhance the capabilities of GRASP include a moving-
frame constraint, a pin constraint, and a clamp constraint. The moving-frame constraint
would allow a frame to deform with the structure. Currently, frame motion is independent
of the structure. The pin constraint would allow a node to rotate arbitrarily about either
a frame or another node. Eliminating all motion of a node would be accomplished using
the clamp constraint.

From this description of possible enhancements, it should be obvious that GRASP
has a great potential for growth. Because of its modular construction, GRASP has the
capability to handle expansion without requiring massive rewriting of the existing equations
and code. This framework makes GRASP a desirable platform for future development.
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